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ARTICLE INFO ABSTRACT

f\igz:ovtzg 2;1//4 /1210(%007 In this investigation we generalized the class introduced by J. patel [7] of
g\g;IS(TEE)I-63(;%"526/'1321075/-2200258-15344 multivalent analytic functions to the subclass @y (4 1,0,6,A,B) which has been
KBegzvivl(()a:/?(S:.function, recently published. Also we derive various properties by using the techniques of

Differential subordination,

. : Briat-Bouquet differential subordination.
multivalent function.

Introduction is said to be multivalent Bazilevic of type pu and order
Let T(p) dente the class of functions of the form geS:
P such that

a, if there exists a function

f(2)=2"+>" az" (peN={.2.}) Q  Re

.I: /
Which are analytic in the unit disk U={z:|z|<1}. {]C(ZZFTSZ(Z)} a (zeU) (2)

For some p (0> 0 ) and ( 0 < a < p). denoted by

Let S*p(a) and C*p(a) (0< a <p) denote subclass of

functions in T(1) which are univalent, star like of order

B(p,u,a) consider the real numbers A,B such that ( -1
a, convex of order a, respectively. A function f€ T(p) (P.y.0) (

< B < A < D), and
2f(2), 1+ Az
S’(AB)=:f eT(p): ,2eU 3
H ){e(p) @) Pryete } ©
The symbol (< ) stands for subordination.
2z f"(z z f/(z
2£/(2) b wéf‘“‘“w)féf
f ET(p) : f(z)lf‘a‘,u (Z)‘G‘,u +A 7 /(Z)
AW, (4, 11,5,5, A, B) = g ot 22
9(z)
1+{B+(A-B)(1-9)]z
( pLHBH(A-B)1-0)] @
Let 1+Bz for some
real y(u>0), 9 € C/ {0} ,A,>0,0<8<1and ges, .
If o =1 and § =0 we have A Wp(/’t,y,A, B) studied In order to prove our results, we need the following

lemmas:
by [7].
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Lemma 1: [2] if -I<B<A<1,p>0and 7 €€

-B(l-n)
such that Ry) > 1-B  then
differential equation
B(A-B)
2”7 (1+Bz) ®©

z B(A-B)
ﬁ"[tﬁ*7’l(1+Bt) Bt
d

q(z) =
2”7 exp(BAz) g

ﬁjtﬁ”l exp (BAt)dt P

If Q(z) = 1+clz+c2z2+ ....
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B

is analytic in U and satisfies

zQ'(z2) 1+ Az

Qz) + LQ(2)+y 1+Bz
1+ Az
then  Q(z) ( q(z) <1+ 5

And q(z2) is the best dominant of (6).

Lemma 2 : Let g be a convex function in U and let
@(2) €U pe analytic with R{®(z) = 0 }, if h is
analytic in U and h(0) = g(0) then

h(z) + w(2)zh' (z)(a(2)
implies h(z){q(z)

(zeU)
(zeU)

Lemma 3: Let v be a positive measure on [0,1], let h
be a complex valued function defined on Ux[0,1] such
that h(.,t) is analytic in U for each t€[0,1] and h(z,.) is
v-integrable on [0,1] for all z€ U in addition, suppose
that R{h(z,t)} > 0, h(-r,t) is real and R{1/h(z,t)}> 1/h(-
and t€[0,1] , if

rt) for all |zZ< r <l

1
h(z)= [h(z,t)dv(t)
0 then R{1/h(z)}> 1/h(-r) (9)
Lemma 4: Let a,b,c€R and ¢ #0,-1,-2,... we have
z,p'(z
P ) _ iky where
p(z,)

Then

k> Z(x+1) if arg p(z6)=77
X

112
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/
qz)+ 232 _ 1A (zev)
pa(z)+y 1+Bz
Has a univalent solution in U given by
Bx0
®)
B=0
(zeU) (6)
el) (7
jt“ -7 (1-t)*dt="O T o (@b, o) (1)
0 r()
2F1(a,b,c,2)=2F1(b,a,c,2) (11)
2 Fl@becz) = (120 2a Fl(ac-b,cz/z-1)

o

Where r is gamma function and 2F1 is hyper
geometric function.

Lemma 5 : Let p(z) = l+cl+c2z2+... be analytic
function is U and p(z)#0 in U . if there exists apoint
z0 € U such that

g p@NI<, 7 (2Kzo)) and [arg p(zo)=7 7 o
<y<1) (13)

(14)

1 1, . /4
k<=(x+=) if arg p(z,)=——
2( X) 9 p(z,) 27
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And (p(z0)1/y =+ ix(x > 0) (15) .
Lemma 6 : Let g€ S*p(A,B),u,c are real numbers with p> o,
{— py,M}, then F,. eS’(AB) (16)
¢ > max 1-B)
Main Results

Theorem 3.1: Let f € AWp (A,11,6,0,A,B) then

z2p'(2) A
= eU, —-1<B{(A<1,1)0,u>0,0eCHO 17
P f(z)l*‘o'\lt g(z)\a\y < pQ(Z) q(Z) (Z < < < > u=z0,0 { }) ( )

where

) B ds  B#0
Q2)=1" (18)

1 p

[s+ exp(% (s-1)(B+(A-B)1-5)z)ds ,B=0

1 p, p(A-B)(1-5)
J-S 2 (1+ BSz

q(z)=L when A=B(1- ! —(1_5)1) ,B=0
1+Bz l1-o p
A<B (1 1 _(1—5)2,)
And q is the best dominant of ( 4). Also , if l1-o P with -1< B <0, then AWp(A,1,6,0,A,B)
CB (p,u,8) , where
-1
p(B-AQ-6).p ,. B
=p< 2F, (4, —+1,— 19).
£ p{ ;( e iyl ) (19)
proof
2 f'(z
v@=— 210 v
Assume that pf(2) 9(2) is analytic in U. by logarithmic differentiations the last
expression, we get
z /(2 2f " (z 2f'(z 29’ (z 2y (z
Ao M{H @ (o] 2D |, 29 )}: o)+ 12 @
f(2)7"9(z) f'(2) f(2) 9(z) v (2)
( pA+[B+(A-B)(1-0)]2)
1+Bz There fore y(z)
satisfies (6) and hence by Lemma (1) ,we have
1+[B+(A-B)1-9)]z
v(@) Ca() (HHBHAZ B0
1+Bz
where q(z) is given by(5) for A=B+(A-B)(1-3) ,y = . p(B—A)(1-9)
0, B=p/h. Now if we put AB , c=pA+l,

then ¢ > b >0 for B #0 and making use lemma (4) ,

we have
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I'(b)

Q(z2)=(1+ B2)? jsb-1(1+ Bsz) ™ ds=—— 2F, (La,c,

I'(c)
Our claim R{1/Q(z)} > 1/Q(-1) , z€U; this implies

that inf{Rq(z)}=g(-1) by assumption A < B (1-1/1-8-
(1-6)M/p) ,we have ¢ >a >0, so by(10) and (20)

Q(2)=[h(z,s)dv(s)

yields ,we have
h(z, s):i
1+@-9)B2 ¢ < 5 < 1) and
— l—‘(b) Safl (1_ S) c—a-1 dS
I'(@)r'(c-a) , the measure of
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BAv(s) >0 on [0,1]. For -1 <B <0, then R{h(z,s)} > 0

Bz {’r,s) €R for 0 < r < 1. and (ig??/h(z,s)} = {1+(1-

s)Bz/1+Bz} > 1-(1-s)Br/1+1-Br = 1/h(-r,s). Thus by
lemma (3), we obtain R{1/Q(z)} > 1/Q(-r) , |z| <r <1
Let r — 1- we obtain the result. Also by A — (B(1-
1/1-8 - (1-8)Mp)+ and using (7) , we have
AWp(Ap1,0,0,A,B) &= B(p,p,§) setting p = 1/o| ,
A p—-2a+ po

p(-9) (P-M2<a<p),0<8<1and
B=-1 in Theorem(3.1), we have.
Corollary (3.1) if f€ T(p) satisfies

R{Zf’(z)+/1(1+Zf”(z)—zg/(z))}m (10, zeU)

9(2) f'@ 9@
for some g € S (A, B) ,then f eB(T(p,4,))

T(p, 4 a,6) = p{ZFl(l,BJr P

We have

A= p—2c+ pé'.(p—}b
pd-9) 2

2/ (z)

21"(2)

R{(l—/l) + A0+

Then f€ S*p( T (p,A,0,8)) where

. { @
Theorem (3.2) : Let f€ T(p) such that z

[2I¢

ﬂ’£+11
2 @-8A 2

<a(p) 0<6(1,B=-1
in theorem (3.1) we have Corollary (3.2) if f€ T(p) satisfies

f(z) f(z) )}>0‘ (@a>0 ,z€V)

-1
r(p, A a,8)= p{z |:1(1,£+w P l}

)}
2 settingpu =0,

-84 ‘2 2
zf'(2)

})0 and | -
()" g ()"

_p‘<p
(u>0,c€C/H{0}, z€U) ; for

3+2400(p—1) —/(3+2ulo|(p -1~ Ap(24foip - p-1

g €S then f is multivalent convex in
2 f/(2)

Proof : Assume that Q™(z)= P f(z)l . 9(2) o

then q7(z) is analytic in U, q7(0) = 0 and |q"(z)| < 1 for
z€ U therefore by schwarz's Lemma we have q7(z) = z
®(z), we have w(z) is analytic in U with |o(z)| < 1 thus

1+

f(2)

z 17(2) =(1—y|0|) z ff(z()z) N

2(2,u|0'| p—-p-1

2f'(2)=p (@)™ 9(2)"" U+ z00(2)) by
logarithmic differentiation in last expression, we have

o] 29'(2) , 2(e(2) + 20/ (2))

g(z) 1+ zw(2)
2t'@) _ ' (@)

Letting y(z) = f(z)/zp = 1+clz+c2z2+... , R {y(z) }> 0 for z€E U then f(2) v (2)
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2" (2)
z2f/(2)

By using the well-known estimate [3]
/ / _ ! _
R {Zl// (Z)}z— 2r2 | R{zg (Z)}z— p@a-r) and R{a)(z)+zw (z)}Z 1
w(2) 1-r 9(2) 1+r 1+ zw(2) 1-r let [ = r < 1, then

.I:// I 1_ —
R{sz/((zz))} (- o) p+1+ f(())—(l o) P+ o) =2+ ol pon) | =

assumption we have
rli, 21" (2) (2y|a|p— p-Dr?—@+2ulol(p-Dr+p
f/(2) 1-r?

w ( ) . + o |zg’(2) N 2(w(2) + 20 (2))
9(2) 1+ zw(2)

1+

=(1- o) p+(1- uIGI)

r therefore by

> 0 then f is multivalent convex.

| 1/9+4p(p+1 -3

2(p+1)

Setting y= 0 in above theorem we have f is convex (multivalent) in
transforms of f(z) € T(p) by

consider the integral

F.(F) ):C—+1 t‘lf(t) dt

, Now define Fc,u,c as following

1
: [— ool Jtmf(twdt]”“
C,u,o c
z
where c,u are real numbers with u> 0, ¢ > -p|o|u, o € C/{0}.

21/ (2) )

rg(f(z)l*“"“g(z)“"”

<§ﬂ O<a(p, 0(B<1)

Theorem 3.3: Let f€(p). if for some g€S*p, then

2(F,,..) (f)
F...(F)77“F,,_(g)"

—a(%e
where Fc,puo defined as (1) and (0 < e <1) is the solution
o +gtan‘1( @+ B)esin(z(L-T(A,B,c,u,0,p))/2) )
7 1+ B)c+|o|up(l+ B+ (A-B)(1-5)) + (1+ B)e cos(z(1-T(A B,c, 1,0, p))/ 2
p= Bx-1
e B=-1

arg(

lo|up(A-B)(1-9)

2 .
And HABG e B = S (e(l— B*) +|o]up (L~ BZ—B(A—B)(1—5)))
1 z(F,,.) (f) H(z)
h - — =
(Z) p—a(chﬂ,g(f)l_G# FC’#‘U(g)\g‘,, ﬂ) E(Z)
Proof : Let
H(Z)=— {Z f(z) - CIt“f(t)“""dt |a|uajt“ (1) dt}
p—a
Where
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E(2)=|olua [t g(®) 7 dt
0

and , then h(z) is analytic in U and h(0) = H(0) / E(0) = 1. Now

H ’(z)zpi(cz “f (2)7 4 20| (2) T E (2) — 2o (D)7 —|olua 2t g (2) )
04

! (2°|o|uf (2)“ £/ (2) - |o]ua 2 g(2) ")
(04

E'(2)=|o]ua 2°1g(2) " ,then
/ /
H/ (2) = 1 2t (2) —a) , and by log arithmic differenta itions h(z) we have
E'(z) p-«a f(z)l—\o\ﬂg(z)\ﬂ\u
H'(z S(z) zh'(z 1 2f'(z
E’((Z)) =@ zsfé) h(i))): —a S o)
P ()" 9(2) By assumption and
using lemma (6), we have Fulol,c(g) €S*p then

ZF/CV#VU(Q) _ZS/(Z)_ i 2
@ s
lo|up@— (B +(A-B)(L-5))) loup @+ (B(A-B)(1-6)))
(&(c+
1-B 1+B
_T(A’ B,C,ﬂ,O’, p) <¢<T(A! B,C,ﬂ,O’, p)
for B= -1

and if B=-1, we have
o, T P@=(A+DU-0)

where ¢ +

o0 , —1 1.
> ( (o<
Let w(z) = S(z)/ z S'(z) in lemma (2), we see that h(z) # 0 in U. suppose that ze € U such that |arg h(z)| < /2 ¢ and
larg h(ze)|=m/2e where (c<e<1) and |z| <|z°|, then by lemma (5) zch'(z°)/h(z°) = ike.

Now, if h(z°)l/e=2x (x> 0), then

z,'(z.) 1 z,h'(z.)
—a)=arg(h 1 .
f(z.)1 g(z.)l a)=arg(h(z.)) +arg 1+ (zF,,..) (9)@)olx  h(z.)

zF, . (9)(z.)

arg(

=%e +arg(1+ (&''?) iek)
L, eksin(z(l—)/2

T
—e+tan( )
2 &+cos(z(l—¢)/2
>Zettan’ Y (Z,Sojn(g)((ll_Tg()A,B’C'ﬂﬁ, p)/2)
+B+(A- -
C+ L +ecos(z(1-T(A,B,c, 1, 0,p))/2)
1+B
=%ﬁ where B=-1
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arg( 2f'(z) 7

———Q)>—¢t
|o|u
for case B = -1, we have f(2) We conclude that this is a contradiction with our hypothesis the
last if h(ze)1/e = -ix (x >0), then

z.t/(z) pa
rg(f P EP —Q}S—Ee_
(z.)"""9(z.)

tan ! e sin(z(1-T(A,B,c, u,0,p))/2) 3 _Zﬁ
|c7|,up(1+ B+ (A-B)(1-9))
c+ +ecos(r(l-7(A B,c,u,o0,p))/2
1+B where B #-1, and if B =-
1, we get
21/ (2) T
arg ( = P —q)<—-—e
f(2)"""9(2) 2
Also contradiction. Setting u=1/|c| , B
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