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ABSTRACT

In this paper we study the P- adic numbers as an example to the local field.
Also we present Evans' new definition of expectation for random variables in this
field and we study the properties of expectation according to this definition.

1.Introduction

The local field is any locally compact, non
-discrete , totally disconnected and topological field.
The best known example of local field is the field of

P- adic numbers which is the completion of the

rational numbers rzhlwith respect to the P- adic
metric[2].

The P- adic numbers was introduced first by Kurt
Hensel in 1897 and there were other researchers work
on this concept like Ostrowski in 1917 and
Kurschak[5],[6] .

In 2007 Steven Evans and Tye Lidman
introduced a new definition of expectation in local

field. Our aim in this paperis to study the P- adic
numbers and use it to explain the construction of the
new definition of expectation then prove that the
properties of expectation in the classical definition are
hold in the new one.

In what follows we will give an elementary
definitions with their examples related to the concept

of P- adic numbers.
Definition 1-1 [7]

Let Q be a set of the rational numbers. For every
prime P the P-adic absolute value of *eQ is
|1'|_,_, and defined as : |1'|_,_, =0 when

= 'D, and lxl, =p7 when ™~ 7 [5} where @ °

are non-zero integers which are not divisible by
p and ¥ is any integer number

denoted by
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Theorem 1-2 [7]

The map [ @= R
properties:

xl, =0=x=0

these following

ESU

(1)

lx + ¥l

= |xl, ¥,

= max {lxlw |1"|J}

For every x,y€Q . The third property is called

non-archamedean or ultrametric inequality.
We prove these properties as follows:

Letx—p ( ] v=pe [ ]then

g

1) I:L-I,J=o-=~‘;f'-(§—-] =0=p"(2)=02x=0

(@) p(]| |~=?SL
ol =p~hpTh = xl, - Dy,

[,

when £, < £,: < ‘

Qabg+agb.

= ‘p;: (\ ) E;;EJ:

e , such that alb2 + a2bl is not
divisible by ¥

when P
= [ (ssms)
B ¥ such that alb2 + a2bl is not
divisible by ©
= Tﬂ_h_ = |:‘,_'|.1J
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|1- _-Vl.‘-r = max {lxl_w |1"|J}

Therefore [ ]

From this theorem we have the following corollary.
Corollary 1-3 Suppose

that ? is prime number then

lx+ v, = , for every

Remark 1-4 [1] : We can write any non-zero rational

)

Now we will give some examples about P_adic
absolute value :
Example 1-5

x .
number = uniquely as

1) Let Ppea prime number then:

‘1 {4 when p=2
#Hy (1 when p = 2
Proof(1):
! -2(1 —(=)2 = 92 =
1= ===
- - let
p=3= [ =@, =3"=1
21 _ |51 * a1 1
= =131 (E)| =3t=3
3) 1::3 \.:.z 3
= =[5 (F)| =st=5
4) 15 = w3 S g
B (2 =71 =21
) =l ’ (“LJ 7 ! 7
191, zrllcrz] —11%—1
6) \1 4
7) =1l =1 g an®
Proof (7):
Suppose
|_l|p‘-—“1="’r’;(f] zl=p #1020
= £ +0, '

that is contradiction since -1 has a uniquely form as
»° (%)

~1 7 that is
Proposition 1-6 [6]

@ = R efined by:
ifx=0

ifx= ;o; [E]
abeZ/{0}LfeX

£=0.

The map

0
(¥l =1 -

where
a, b are not divisible by p.

and
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Is defined a norm on @ with respect to the field of

rational numbers, this norm is called the P_adic norm .
Proof :

The properties in theorem (1-2) satisfying the
conditions of the norm as follows:

xl, =0=x=0

1) ( from property 1)
2) leex|, = lal, |xl, for every &% EQ
(form property 2)
5 3l <lxl, v b,
(from property 3)
= e {lxl,. Ivl,]
llll:ﬂ T |_1'-r|_~_-, , for
every &Y €@

The following example shows the P_adic norm:
Example 1-7
We can find the 5-adic norm of the numbers 75 ,

=, 3 as follows:
|?5|E = 5: (E] = 5_: =.-.1_-
1) \.1x E Fa
2| =[5 (E)] =52 =125
2) = 5 L=
3, =l4l, =17, =2 =5°=1
3) :
Recall that every normed space (X , I ||) is metric
space where d(x , y)= e =31 gor every X,y =X
Remark 1-8 [7]
Since I, 1s P_adic norm on @ then it is a metric

space, this metric is called a P_adic metric , and
defined by - dy (1) = lx —yl, fo
e Q.

The following example will explain how can we fined

every X,y

the P-adic metric.
Example 1-9
1) Inthe 7-adic metric: d-(2,51) < d; (112)

4,(251) = 51-2/, =49, = ‘? m

i@ﬁ%ﬂﬂhhﬂfﬁL

2) In the 5-adic metric: d;(29,54) < d;(13,5)
d;(2954) = |54 - 29|, = |25, = ‘51 (1” _c =l
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&(135)=113 -3, = 8. = ‘E’E GJ

=5=
Definition 1-10 [2]

The field Q-‘J of P.adic numbers are the

completion of the field of rational numbers Q with

respect to the P_adic metric. In the same way that the
real numbers are the completion of the rational
numbers with respect to the standard metric.

Definition 1-11 [4]

The closed unit ball around [Gj,

T, =ix E0Q, :|x|.,=1;. .o
B {1 =P lll-J }lsthe closure in Q, of the

i
z

integers , called the P-adic integers. As
E,=x€eQ,: x|, =pj, Z, .

# {1 -F lll-“‘ } the set ~ ¥ is also open.
Any other ball around (9) is of the form

x € Q,:lxl, =p~*} =p"E, : :
{ = | |-J P } P -Jforsomemteger”.

Proposition 1-12 [3]

The P-adic numbers Q-‘J are local field.
Proof

—

1) Each of the balls “p is compact (since every

closed set is compact [3] ), hence R is locally
compact  (because every point has a
neighbourhood whose closure is compact).

2) D isa topology on &

D e @,

QeqQ,.

c) Let Zp1Zp2 € Qp
Z, ={xeQ,lx] <p}

such that

and
Z,,= {1‘ €Q,: || = ;a:}

I NEZ,,= {1‘ € Q,: lxc| = py A x| = ;o:}
— {x € Q,:Ixl <py ADs)

Py = |.'-"'_._-'-’:| = E‘J'.l n E*_ﬂ

Let =

=Z,3= {:u € Q,: || < 703} =Z3EZ,,NZ,

u Z‘Ji IﬁIZ:J: E G_':_.l-

d) LetZerior TG

=Z,UEZ,U = {x€EQ,: lac| < py W x| < p, v -

={xe Qpilxl <py vp, v - ]

Lot P2 = Inf {py, 0z, )
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=Z,,= {x e @y x| = s
:':'Z‘JT = E,J-IILAIZ,J: Il_.-ll e

= UiziZp,: € Q.

@, . Q.
¥ is atopology on =
Now since @ is a topology on Q, and @ is a

field then @ is a topological field.
3) In particular, such a ball is an additive subgroup of

@ and the balls are cosets of these closed and
open subgroups. then the topology @ has a base

of closed and open sets, and hence @ is totally
disconnected.

+ @, is a local field.

From now on, we let K be a fixed local field. The
following are the properties we need, there is a real-

valued mapping x = x| on K called the non-

archimedean valuation with the properties (1). The
third one of these properties is the ultrametric
inequality or the strong triangle inequality. The map
Ce.y) = le =yl o BEXK i metric on K which
gives the topology of K A consequence of the strong

it x| = |vl, then

triangle inequality is that
lx + v = lx| vyl
This latter result implies that for every "triangle"

t.yz}cK we have at least two of the lengths

e =yl lx —z], ly — 2| must be equal and therefore

often called the isosceles triangle property.
k.1 =
The valuation takes the values (4 % € Z3U{03,

= 11 E b
where @ = P for some prime P and positive integer ¢

=1
).
write 2 for ¥ EKelxl = 1] (so that D=Z,

= i - ~—1
when]H G“-”). Fix’r:'E]Hsothatl’r:'| 9 , then:

p D = {x: x| < ¢7%} = {x: x| < g7% "V}

(so that for K=Q we have ©

for

each * €L (so that for K=

P =TG). The set D

@, we could take
is the unique maximal compact
s.L'Jblring of K (the ring of integers of K ).

Every ball in ™ is of the form * T P*D for some

xe D ke
and
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IfS—:L o ]Dandc v+ p I
balls, then:

5."‘|C='E]

are two such

. ’iflx—_t'l =q Fvg?

EC |f|1_1*| Vq—.lc = I:.Ir—e'
CEER

Y —

. EB lx—vlvg™ =g

In a particular, if 9 — 9  then either
BNC=0 or B=C depending on whether or not
lx—yl=q*=q7" Ix—yl=q*=q7"

Fix a probability space (Q.F.P). By K—valued

. N
random variable, we mean a measurable map from ™~
K equipped with its Borel g.

equipped with F into

field. Let L be the space of K-valued random
variable that satlsfy
121l esssupl' | <. Itis clear that = is a vector

space over K
If we identify two random variables as being equal
when they are equal almost surely, then:
L,=0=X=0
- = lelllXll.. cEK,XEL™
(-XJ ?:I — | X - 1j5"r|

The map = defines a metric on

L= .
(or, more correctly, on equivalence classes under

the relation of equality almost every where), and L is
complete in this metric [1] .

2.Construction of expectation in local field

Definition 2-1 [1]

Given Xel” set

e(X) = inf{|| X Foll= K}

The expectation of the H-valued random variable X is

the subset of K given by:
E[X]=f{ceK:||X —c| .
Theorem 2-2 [1]

< e(X)}.

The expectation of a random variable rel is
non-empty. It is the smallest closed ball in K that
contains supp (the closed supp of )

Proof:
By the strong triangle inequality

(lx +vl, < lxl, v Ivl,):
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X —cll.. =
X —ecl..

Xl ..
=[x,

v el lel = [l %]

and for = then
Viel= X —cll, <lel =[x —cl,. = el

c— ||X¥— ¢

Therefore, the infimum of = over all
cekK is the same as the infimum over
(c €Ki lel < [IX]l..} , and any point ceK at which

the infimum of is achieved must necessarily satisfy
lel = 11Xl

that is
eEX)=inf{|X—c| el = I1X]] ..} and
ElxX] = {e:lel = Xl [I1X —cll. = (X))}

Again by the strong triangle inequality, the

— || X—cll..

function = s continuous.

Consequently, EX] is non empty as the set of
points at which a continuous function on a compact set
attains its infimum.

Since EX] is a ball of radius (=diameter) &(X) [if

. ¥ i ;-— : { _X ;
€S EXT gng €€ K is such that 6= ¢l = et
then
ebll = {temli-dl, <elf)= - ¢+ £-d)_<elt)=i-E4 (=) <
ell),

_ |x=¢|| =llé—¢] .

since = = then by strong
triangle inequality'
|r-é+4(¢- c) Vic-¢|<el¥) —;xie[}{]
= ¢ € E[X]

Thus Elx] is a (closed) ball in H. (where we take

a single point as being a ball)].

If* & supp X and x € E[X], and c is any point
in E[X], then:
lx—cll.=llx—X%X +Xx —cll..
=I-DE-x) + & -0l
since 1€ — %l # 1 —cl = then by the
strong triangle inequality:
=l (x -l vIX—cl..
=|-1llIX —xll.vIIX—cll..
=X —x| VvIX—cll.
Since © & E[X]=|X L= elX)
= |X¥—x|l vIX—cl. =elX)
= |lx—cll.. = |x —c| = e(X).
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xeEsuppX=2{weR":X(w)=0},

Since and
r=X(w)2 |X(w)-c|,=eX) =2 |X -, > eX),
contradicting the definition of Elx], then

xEesuppX 4 ¥ € E[X] supp X € E[X]

" Thus

supp X

hence if the smallest ball containing is not

Elx], it must be a ball contained in EX] with
diameter r < e(X). However if © is any point

|x —c| =7

contained in the smaller ball, then for all

* & supp X. Contradicting the definition of e(x).

e(X) = inf{||X —c|l.:c € K}

[because and

lx —c| €7 < E[_X']] [

According to theorem 2-2 we give the following
proposition :
Proposition 2-3

Xel™

For each then

Elx]={ke K:|lx(c) — kll.. =e(X), ¥ c €supp X}.

Proof:

supp X = {c € R X(c) # 0, X ¢ continuous

functions)  EX] =1k € K [IX —kll.. < (X))

such that
e(X) =inf{||X — k|| .: k € K}
=EX]={k ek |IX(c) -kl . = e(Xx)]}

ifx(c)=0

then E[0]={k €K:[l0— k|l < e(0))
= {J0- ] k€ )
=f{Jk] ke E)

= E[0] = {k € K: ||k|l.. < inf{|Ikll .}

Ikl .. = infllk

=)

That is contradiction, because
=X(c)=0=cEsuppX

n EX]={ke®:|X(c)-kll,  £e(X),YcEsupp X} m
Lemma 2-4 [5]

If A is compact subset of the local field, then the

smallest ball that contains % is &7 e x| <7},

A

where & s any point in and

r=max{|x — al:x € A} = max{|x — v]:x, v € AL

Lemma 2-5 [3]

A

If = and A are compact subsets of the local field

and B (respectively, 5) is the smallest ball that
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contains 4 (respectively, '4), then B+ is the
smallest ball that contains A+4.
Proof:
Choose =4 and © E'q. From lemma 2-2-4

above,
B=d+{x:|x| = tﬁ}, and B=a+ {x: || = T"}
where
?"=n1ax{|x—a|:xE_w4.}, and
’r = max{|1‘ — a|1 c 4}

. A+ A
Similarly, the smallest ball containing is

(6+d)+{e:lx| <7)
where
T:mﬂﬂ&_;y_m_&wieiiej}
545 (+4)+ furld <547

=(d+ &)+ {x:1xl <7},

W B+ A+A4 =

B is smallest ball that contains
Now we investigate the classical
expectation in Evans' definition :
Proposition 2-6

Let XandV eL

properties of

then:

1) ElaX+b] =a E[X] + “ such that ® “are
constants.

2) Elx+Y] < E[X] +E[Y] with equality when
“ and ¥ are independent.

3) E[x-Y]=E[x]- EIY] where ¥ and ¥ are
independent.

Proof:

1) We want to prove that:

ifce ElaX+b]=cE aE[X]+ 5 that is: if

€ aE[X]+b=23ceR|X—cl, = e(x) such

that €1 = @€+ b.

EX]={ceK:||X—cl|l. = elx)}
={ceK:alX—cl, =< ace(x)]

={c e K:|laX —acll.. < e(ax)}
={ceK:|laX+b—ac—5|_. < elax)}
={c e K: [(aX + b) — (ac+ b)ll.. = e(ax)}

LetC1=actb=c EaE[X]+b
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={c; e K: l{aX + b) — ¢yll.. = elax)]}

=, EE[E{X—b]andci EafE[X]+5b

~ ElaX +b] = aE[X] +b.

2) Write supp X and supp ¥ for the supports of
two random variables X and ?. Regardless of the

dependence between X and ?, it is always the case
that

supp(X+ ¥) S supp X + supp ¥, and there is

equality when X and ¥ are independent.

So, when X and ¥ are independent, we have
supp (X +¥) =supp X + supp V.

X] is the smallest ball that

From theorem 2-2-2, E[
contains the support of X.
~ E[X + V] is the smallest ball that

contains  SUPP (X+V¥Y)=supp X+ supp V.

By the same theorem, E[X] is the smallest ball
that contains =" FF X, and ETY] is the smallest ball

. ¥
that contains supp
From lemma 2-2-5 above we have,

E[X]+ E¥]is the smallest ball that contains
supp X + supp ¥

~ E[X +Y¥] = E[X] +E[Y].
For example:

Suppose that = is any non-constant random
variables (so that supp X does not consist of a single

point), and put V==X then ¥7Y=0 4
supp(X + V) = {0}

whereas
supp X +supp ¥ =supp X —supp ¥
={a— b:a € supp X and b € suppX’}

which will
not consist of just a single point.
» supp (X + ¥) = supp X + supp¥.
3) when X and ¥ are independent, we have

supp (X-¥) S supp X-supp ¥
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From theorem 2-2-2, E[x] is the smallest ball that

contains the support of X.

= E[x-Y] is the smallest ball that contains

supp (X-Y) S supp X-supp ¥

By the same theorem, E[X] is the smallest ball
that contains supp X and EY] is the smallest ball
that contains supp ?.

- E[X]- E[Y] is the smallest ball that contains
~ E[X-Y] = E[X] - E[¥].suppX - supp ¥.
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