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Introduction and preliminaries.
C-compact spaces are defined in [4].
They form a class lies between compact spaces
and quasi H-closed spaces. These spaces had
been studied by several authors, asin[1] , [2] ,
[3] and [5]. A space X is C-compact iff every
closed set is H-set. A subset A of X isH setin
X iff every cover of A by open setsin X has a
finite subcollection such that the closures of its
membersin X cover A. A space X is quasi H-
closed (H-closed) cover if it isH-setin X (and
Hsusdorff). (X,t ) is maximal C-compact
(minimal Hausdorff ) iff every topology on X
strictly finer ( coarser ) than t isnot C-compact
(not Hausdorff) . A Hausdorff space X is
caled functionally compact [2] iff every
continuous function on X into a Hausdorff
space is closed. A multifunction a:X®Y is a
subset of X © Y, such that a(x) t f for every x
T X .aiscaled closed graph iff itsgraph is
closed in X ” Y, a iscaled C-closed graph iff
for every (x,y)I X" Y\G(a) , where G(a) is the
graph of a , thereis an open set V in X such
that x T ¢V and an open set W in Y such that
yiWand (dV W) C G@) =f. A
multifunction a:X® Y is called g-closed graph
iff itsgraphisg-closed in X ~ Y . A subset A
of aspace X isg-closed iff A isequalstoitsg—
closure dq A = {xI X: $ V open in X, xI V
and VCALf} If a: X ®Y is a
multifunction and K 1 Y thena™(K) = {xI X :
a(x) ¢ K if}. a is caled upper semi
continuous (u. s. ¢) iff a™(V) is open in X for
every open set V in Y. By g(x) we mean {cl V
: V open in X , xI V} and by G(x) we mean
{dV :VopeninX,xT dV}, GK)wil
denote {clV:V open and K | dV} . If Wisa
collection of subsets of X then ad W= C{cl K :
K T W} the adherence of W, adq W=C{clK :
K1 W} the g-adherence of W. The adherence of
a(Qx)) is denoted by S(a,x). And for KI X,
Sa,K)= E{S(a,x): x1 K }. A subset A of X is

called regular closed in X iff A eguals to the
interior of itsclosurein X. The collection of all
regular closed sets containing a subset K is
denoted by N(K) . The small inductive
dimensionind X, X*f, isthesmallest integer n
> -1 such that for every xI X and every open
set O containing x thereis and open set V such
that xI VI O and ind b(V) £ n -1. b(V) denotes
the boundary of V. Taking a closed st in the
above definition instead of x we get the
definition of large inductive dimension Ind X
of X. If X=f,indX =-1=IndX.

Some properties of C-compact

spaces
We start with elementary properties,
some of them are known. As their proofs are
straightforward we omit them.
1. A C-compact space is maximal compact
and minimal Hausdorff.
2. BEvery H-set in a Hausdorff spaceis closed.
3. A C-compact space in which every H-set is
closed is maximal C-compact.
4. If every closed subspace of C-compact space
is C-compact then the spaceis
compact .
5. C-compact space is functionally compact.
6. Completely regular functionally compact
space is compact.
3- Characterization of C-compact spaces
The following theorem is easy to prove and
needed further.
Theorem
The following are equivalent
(@ X is C-compact
(b) For every closed subset K of X
and every filterbase Won X such
that FCC! f is satisfied for every
FI W and regular closed set C
containing K we have K C ady, W
Lf,
(© For every closed set K of X and
every open filterbase Won X and
VCC* f issatisfied for every V
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T W and regular closed set C
containing K we have KC ad W
1f,
Theorem
The following are equivalent
about spaces X and Y an u. s. ¢
multifunction a : X®'Y.
(@) XisC-compact.
(b) Sa, K) = ad a ( G (K)) for each K
closed in X
(¢ Ha, K) is closed in Y for each K
closed in X.
Proof (a) ® (b) for each x T K we have
agK)l a (Qx)). ) A
Consequently S(a, K)=E{ ad a( Gx) ): xI K
} ad a(GK)). Now let X be C-compact and K
be closed in X. Then K isan H-set in X. Let
zl ada(GK)). Let Dbealocal baseat z. Then
Zl clvacly(V) for each V open in X with
Kl cV. For Wi D we have WCclyacly (V) f
and since W is open in Y, we have WCa
(clV)rf .
Then a™(W)Cc Vif. Thus by the above
theorem we have KCad a™*(K)!f for each
xI KCada™(D) we have xI K and xI ada™(D).
So, xI clV for each V open in X such that
Kl dV and xI a(W) so that cVCa™ (W) f .
Consequently  a(cV)CW*f  for  each
dV1 Gx), and Wi D. Thuszl S(a, x ). So that
S(a, K) 1 S(a, x) for somexi K. Thus S(a, K)
= ada(GK))
(b) P (c) isobvious.
(c) b (a) let W be an open filter base on X
such that WCclVif is satisfied for every V
open in X and KI cV with Wi W. Let y,I X
Let Y=XE{y,}. Define a topology on Y be
taking A open in Y iff A isopenin X or y,l A
and there exists WI Wsuch that Wi A. Let a :
X ® Y be identity function. Then a is
continuous, and by hypothesis S(a, K) is
closed in Y. So that yol S(a, K) . Thusy, 1
S(a, x) for somexi K. For such an x we have
cdVC(WE{y,})! f, for every V open in X with
xI cV and WI W . Thus dlVCW! f for every
V open in X with KI clV and Wi W. SOK C
ad WA . ThusK is C-compact.
Corollary
X is C-compact iff a(K) is
closed for every closed subset Ki X
and a C-closed multifunction a: X®'Y.

Proof If a is C-closed graph then
Sa,K)=a(K) and the result follows from the
above theorem.

Theorem

X is C-compact iff every g-
closed graph multifunction on X maps
closed sets onto g-closed sets.

Proof Ifa: X ®Y and X is C-compact then
it is not difficult to prove that
a(K)=ad,a(N(K)) for every closed set K in X.
Conversedly  suppose that X satisfies the
condition in the statement of the theorem . Let
W be a filterbase on X . Let y i X, and
Y=XE{y,}. Topologize Y by taking every
subset of X open and a set containing Y, is
open iff it contains a member of W. Let
a:X®Y be the g-closure in Y of the identity
function of X. Then cly(X) = adqa(N(X)) iny.
Thusy,l a(X). Sothereisx 1 X such that a(x)
={(X,yo} . Thenif V1 gx) inX and Fl W, we
get VCF f. So that by the above theorem we
have XCad W * f. Consequently, X is C-
compact.
Corollary
A Hausdorf space X is C-
compact iff every g-closed graph
multifunction on X maps g-closed sets
onto g-closed sets.
Proof In a Hausdorff C-compact space
every closed set is g-closed.
The following is a characterization of quas H-
closed spaces which are C-compact.
Theorem

A quas H-closed space X is
C-compact iff the boundary of every
closed (open) set is C-compact.

Proof If X is C-compact then the boundary
of every closed is closed and consequently it is
C-compact, conversdy let X be quas H-
closed and K be closed in X . Let {V,} be a
cover of K by open setsin X. Then {V, }E{K®
} isan open cover of X and so thereis afinite

subcollection {Vll,\/lz, ..... ,Vln,KC} the

closures of its members cover X. On the other
hand b(K) is C-compact and so there is a

subcol lection {Vlm, |y eeee ’\/Im} of

{V\} the closures of its members cover b(K).

Then {Vi.V .V, } s a
1 2 m

subcollection of {V,} the closures of its
members cover K. Thus X is C-compact.
Application
We conclude this paper by the
following application of C-compact spaces in
dimension theory.
Theorem
A quasi H-closed space X
such that the boundary of every
closed set is quasi H-closed with ind
XEn(Ind X £ n) is C-compact .
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Proof  The proof is by induction on n. If n=-
1 then X=f and so it is C-compact. Suppose
that the result is true for n-1. For xI X (K
closed in X) and G open in X with xI G(KI G)
there is an open set V such that x TV 1 G
(Ki VI G) with

ind b(V)Enl.(Ind b(v) £ n so ind b(V) is C-
compact. Thus X is C-compact.

The above result cannot be weakened
by dropping the condition that the boundary of
every closed st is H-closed as the following
example shows
Example Let

Y:{(%,%):n,mi N}E{(%,O):nT N} R‘[3]

, where R is the sat of rea numbers. Let
XJ RAY and X=YE{x,}. Topologize X by
taking a subset U of X open if U CY isopenin
Y (as a subspace of R?) and if x,I U then there
existsr 1 N such that

U, :{(i,i):nf' r,mi N}I U.
n'm
Now

bU,) ={(-.0):n>1},

is an infinite discrete space. So it is not H-
closed. Also, ind X=Ind X = 1.

References
1 JP. Clay and J.E. Joseph, A

Characterization of C-compact spaces,
Proc. Amer. Math. Soc. 82(1981)
657-658.

[2] G. Goss and G. Viglino. C-compact
and Functionally Compact spaces

Pacific J. Math. , 37(1971) 77-681
M.P, Nayar, A Remark on C-compact
gpaces, J. Audra. Math..
Soc. (series A) 64(1998). 327-328.

[4] G. Viglino, C-compact spaces, Duke
J. Math.,36(1969) No 4, p.p. 671-674

[5] Yan-Kui Song , Some Topological
Properties Weaker Than Lindel ofness,

MSTEMATUYKN BECHUK, 60
(2008), 173-180

C — ucl_jial) clpLiaill Bayan &f Juaas

ga'l.d\ ali Alas

E-mail : atairagi @yahoo.com

AdAl

.C = sl il e limill 3l <l el s ciliiall ans gy Candl 138 b


mailto:atairaqi@yahoo.com

