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Abstract: z-compact and z-Lindel of spaces are studied. Characterizations of z-compact spaces and z-
Lindelof spaces, using multifunctions, are given.Our main results are .A space X is z-compact iff for
every space Y and z-closed graph multifunction on X into Y the image of every z-closed set in X, is
closed in Y. A space X is z-Lindelof iff for every P-space Y and z-closed graph multifunction on X
intoY theimage of every z-closed set in X isclosed in Y.

Kewor ds: z-compact spaces, z-Lindelof spaces compact space, H-closed space,
pseudocompact space, realcompact space

Introduction

z-compact and z-Lindelof space are
introduced by Frolik [1] under titles
quasicompact and quas Lindelof spaces,
respectively. As far as the author knows, no
further study has been done about these spaces
except one result (Theorem 4.6) appeared in
[3]. In this paper we study some properties of
z-compact and z-Lindelof spaces. We relate z-
compact spaces to pseudocompact,
realcompact and H-closed spaces. Then we
give some characterizations of z-compact and
z-Lindelof spaces. The collection of real
valued continuous forms a ring denoted by
C(X) [2]. Characterizations of z-compact
spaces in terms of z-filters, z-ultrafilters z-
ideals and maximal ideals are given, similar to
compact case, where complete regularity is
assumed. Here no separation property is
assumed unless otherwise is stated. For
definitions and notations not stated here see
[2].
Preliminaries
Definition

A subset K of aspace X iscaled z-

compact relative to X iff every cove of K by z-
open setsin X has afinite subcover.
Definition

A space X is z-compact iff X is z-
compact relative to X
Definition

A subset A of a space X is called a
zero st iff there exists areal valued function f
on X such that A=f-1(0).
Definition

A subset A of aspace X iscalled a
cozero set iff it's complement in X isazero set
Definition

A subset of atopological space X is
called z-open iff it isa union of cozero setsin
X.The collection of all z-open sets in X is
denoted by CR(X).
Definition

A subset is z-closed iff its
complement is z-open.

A point x in X isin the z-closure of a
subset A in X, (xI dz(A)) if each V in
CR({x}) satisfiesACV1f, A iscalled z-closed
iff clz(A)=A, and that xI adz(F) for each FI W
where Wis a family of subsets of X. We write
adzW=C{ dz(F):Fl W}.

Definition

A multifunction a of aspace X intoa
space Y is a set valued function on X into Y
such that a(x)t f for every xI X.

The class of all multifunctions on X
into Y isdenoted by m(X,Y).

Definition

A multifunction a on X into Y is
called z-closed graph iff its graph {(x,
Y X Y:yl a(x)} isz-closed in X" Y.
Definition

The z-cluster set D(a,x) of a
containing xI X is defined by Cadza(CR({x}).

For Ki X, D(a,K) will denote
E{D(a,x):xl K}.

Some properties of z-compact spaces

The proof of the following theorem is
straightforward.
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Theorem

The following statements on a space X
are equivaent.

(® X isz-compact.

(b)  Every family of subsets of X each
is an intersection of zero sets,
with the finite intersection
property has a non empty
intersection.

(c0  Every z-filter on X isfixed.

(d) Every z-ultrafilter on X isfixed.

(e Everyz-ideal in C(X) isfixed.

() Every maximal z-ideal in C(X) is
fixed.

Theorem

A gspace X is z-compact iff it is

pseudocompact and real compact.
Proof

Suppose that X is z-compact. Let f:
X® R be continuous. Then f(X) is compact
and so it is bounded. So that X is
peseudocompact. Also every z-ultrafilter in X
isfixed . In particular every real z-ultrafilter is
fixed. So X is realcompact.

Conversaly suppose that X is realcompact
and pseudocompact. If Fisa z-ultrafilter on X
then F is a rea z-ultrefilter and in a
pseudocompact space every real z-ultrafilter is
fixed [2].

The space Y

The following well-known example Y [2]
has many nice toplogical properties. Although
it is not z-compact. It is Hausdorff, completely
regular, first Axiom pseudocompact and every
subset of itisaGd.

We describe this space for the sake of
completeness. Let E be a maximal family of
infinite subset of sets of natural numbers N
such that the intersection of any two is finite.
Let Y={wi: il E } be a new set of distinct
points. The topology on Y is defined as
follows:

Every point of N is isolated and the
neighborhoods of wi are sets containing wi and
al but finite numbers of E. This space is
completely regular  pseudocompact  not
realcompact consequently it is not z-compact
by the above theorem.

Theorem

A countable zero set in a pseudocompact

space X is z-compact relative to X.
Proof

Let K be a countable zero st in X.
For each xI K take a cozero set Vx in X
containing x. Then {Vx : xI K}E{X-K} isa
countable cover of X by cozero sets. Soit hasa
finite subcover {Vxi :i=1,2,...,n} E{X - K} of

X. So{Vxi:i=1,2,...,n} isafinite subcover of
{Vx} toK. ThenK is

z-compact.

Recently it has been proved that every
compact topology is contained in a maximal
compact topol ogy.

The following example shows that the
situation about z-compact topology is different.

Example A z-compact topology is
contained in no maximal z-compact topol ogy.
Let X be the sat of real numbers with the
topol ogy

t={V:VI X, 0l V}E{(-1,1)}E{X}

Then every real valued continuous
function on X is constant and so X is z-
compact. Now for every natural number n the

topol ogy.

to=fvavi PETE L 20y =12  niE X,
ie kK'kg [V)
iS z-compact.

As every compact topology is H-closed
there are z-compact topologies which are not
H-closed. For example a regular spaces on
which every real valued continuous function is
constant, given by Hewitt [4]. So that Hewitt
space is z-compact but not compact.

Lemma

Let X and Y spaces and al m(X,Y). Then

D(a,x)=Py({x}" Y}Cclz(G(a))

Where G(a)is the graph of a
Pr oof

Lee xI X, ylDax) and let
wi CR{Yy}). Then for every VI CR{x}) we
have WCa(V)Lf. Then (V" W)CG(a)!f. So
(x,y)1 cz(G(a)). Hence y
T Py({x}" Y)Cdz(G(a)). The  reverse
inclusion is obtained by the obvious way.
[Note that VI CR{x}), WI CR{y}) iff
V" WI CR{ (x,y)})]. The proof is complete.
Theorem
The following statements are equivalent about
spaces X and
Y and al m(X,Y).

@ The multifunction a has a z-closed

graph G(a).

(b)  a)=Py({x}"Y)Cclz(G(a))  for

each x| X.

(0 D(a,x)=a(x).

Pr oof

(& P (b) obvious.

(b) P (c) follows from the above lemma.

(© b (a) Let (xy) X Y-cl(G(a)). Then
yl a(x). Soyl D(a,x).

Consequently there are two sets

V1 CR({x}) in X and Wi CR({y}) in

Y such that a(V)CW=f. Hence



J. of al-anbar university for pure science : Vol.3: No.1: 2009

(V" W)CG(a)=f. Therefore

d,(G(a))l G(a) and G(a) is closed.
Characterizations of z-compactness
in terms of multifunctions

We give here several
characterizations of z-compact spaces. First we
need the following characterization of z-
compact setsrelative to X. The proof is clear.
Theorem

A subset K of a space X is z-compact
relativeto X if and only if for each filterbase W
on the X such that FCV! f issatisfied for each
FI Wand VI CR(K) we have KCadzW- f .
The following result is a characterization of z-
compact spaces.

Theorem
The following statements are
equivalent about a space X.

(8 X isz-compact.
(b) D(a,K)=ad,a(CR(K)) for every
z-closed subset K of X and
al m(X,Y).
() D(a,K) isz-closed in Y for each
Y, al m(X,Y) and K
z-closed in X.
Pr oof
(@ P (b). Let X and Y be spaces and
Kl X and let al m(X,Y). For each
xI K we have CR(K)I CR{x}) so
a(CR(K))I a(CR{x})) and
consequently
ad,a(CR({x})I ad,a(CR(K)).
So, D(a,x)l ad,a(CR(K)) for every xI K.
So, E{D(a,x):xI K}I ad,a(CR(K)).
Thus D(a,K)I ad,a(CR(K))
Now let X be z-compact and let KI X where K
isz-closed in X.
Let ZI ad,a(CR(K)). Let h be alocal base at z
Then for Wi h and VI CR(K) in X we have a’
‘w)cvif. So a'(h)is a filterbase on X
satisfying the hypothesis of the previous
theorem. Thisimpliesthat
KCa'(h)1f. For each xI KCad,a(h) we
have VCa*(W)'f and consequently
a(V)CWtf for each VI CR({x}) in X and
WI h. Thus zi D(a,x) and the proof of
(a) P biscomplete.
(b) P (c). Obvious
(c) P (a). Let W be a filterbase on X . Let
Yol X and Y=XE{y,}.
Topologize Y by taking each singleton in X
open and sets containg Y, to be those sets
containing a member of W. Hence from
hypothesis D(a,X) is z-closed in Y and we see
that y,l dl,(D(a,x). Thus y,l D(a,x) for some
xIX. For such x we have

VCF=VC(FE{yo})'f for each VI CR{x})
and Fl W.So, ad,W f. Consequently X is z-
compact.

The following result is our main
characterization of z-compact spaces.
Theorem

A space X is z-compact iff for every
space Y and z-closed graph multifunction
al m(X,Y) the image of every z-closed set in
X,isclosedin.

Pr oof

Direct from the previous theorem .
z-Lindelof spaces
Definition

A space X is caled z-Lindelof iff
every cover of X by cozero sets in X has a
countabl e subcover.

Hewitt's example[4] is z-Lindelof but not
Lindelof.

The following results about z-Lindelof spaces
can be proved by the same technique of
Theorems 4.1 - 4.3

Theorem

A subset K of a space X is z-Lindd of
iff for each filterbase Won X such that ICV?* f
for every countable intersection | of elements
of W and every ViICR(K) we have
KCadzWA f.

Definition

A subset of a space X iscaled a Gd
set iff it is an intersection of a countable
number of open sets.

Definition

A space X is a P-space] 2] iff every
Gd set is open.

Theorem

The following statements about a
space X are equivalent.

(8 X isz-Lindeof.
(b) D(a,K)=ad,a(CR(K)) for every P-
space Y, al m(X,Y) and
z-closed subset K of X.
() D(a,K) is closed in Y for every P-
spaces Y, al m(X,Y) and
z-closed subset K of X.
Pr oof

Similar to the Theorem 4.2
We conclude this paper by the following main
characterization of Lindelof Spaces
Theorem

A space X is z-Lindelof iff for every
P-space Y and z-closed graph multifunction
al m(X,Y) the image of every z-closed set in
Xisclosedin.

Pr oof
Direct from previous theorem.
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