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Our goal in this paper is to give new definition of regular generalized T1 and
regular generalized T2 separation axioms in intuitionistic topological spaces and
study relations among several types of regular generalized separation axioms with
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some basic properties and counter examples.

Introduction:

The concept of "Intuitionistic fuzzy sets" was
introduced by Atanassov in 1983[1] (IFS for short) ,
on the other hand Coker[4] introduced the notions of
intuituinistic fuzzy First , we present the fundamental
definitions.topological spaces .

In this paper , we introduced the concept of
regular generalized T1 , locally regular generalized T2
separation axioms
Preliminaries:

First , we present the fundamental definitions.
in intuitionsitic fuzzy topological spaces .We give
some characterizations and basic properties for these
concept .

Definitions 2.1[1].

Let X be anon empty fixed set-.An intuitionistic fuzzy
set ( IFS, for short)A is an object having the form A=
< X Al, A2 >, which Al and A2 are subset of X

and satisfying the following ANA =9
Definitions : 2.2[4].

An intuitionstic fuzzy topology ( IFT. For short ) on
anonempty set X is afamily T containing

$ =<x,¢,X >and X =< X, X, P, ad

closed under finite intersection and arbitrary union.

In this case the pair ( X , T ) is called an
intuitionistic fuzzy topological spaces (IFTS, for short)
and each IFS in T is known as an intuitionstic fuzzy
open set ( IFOS, for short ) in X..
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The complement A of an IFOS A in an IFTS
(X, T) is called an intuitionistic fuzzy closed set
(IFCS, for short) , in X.
Definition : 2.3[4]
let X be anon empty set and let the IFS's A and B be in
the form A=< X |A1,A2>,B=<X B1,B2>
and let { Ai:i<1} bean arbitrary family of IFS's in X
.Then
. A=B <A1 &B1"A2 =2B2 ;
i ASB<ASB "BE&EA ;
i. A=<X A2 ALl>
iv. UAi =< X UAL, MA2>; MAi=<
X MA2, UA2 >,

Definition : 2.4[4]
An intuitionstic fuzzy point in X ( IP for short ) is

b- =< Xv{p}!{p}c > and

defined by the IS

p=<x¢{p} > in called avanishing intuitionstic
point (VIP for short ) in X.

Definition : 2.5[1]
Let A be an IFS , then the interior and closure of an
IF'S A is defind by ;
Int
A= G:GeT,Gc A}

CLA=~{k:k eT,Ack}

Definition: 2.6
Let ( X, T)beIFS, Asubset A of (X, T)is
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called regular generalized closed set ( RgcS for short )

if CLAS A, whenever AS U and U is regular open.
The complement of RgcS in X is called
regular generalized open set ( RgoS for short ) in X.
Proposition : 2.7
Let (X, T)belFS, Ais RgoS in X if and

only if for each regular closed set F such that FS A |
then F& Int A.
Proof : =

Suppose that A is RgoS in X, then A'is Rgc ,
so foreach RoSin X and A° S U, then CL A S U.
PtA° =Fand U SInt A, then It FSU. .".for
eachFSE A, F&IntA.
< suppose that A is RgcS in X then A “is Rgo , so for
each FisRCSin Xand FEA° ,F&Int A°, so put
CLF=U,then CLA &U
S.foreachASU,CLA & U.

Proposition : 2.8

If A is Rgc in ISS (X , T ) and
AngCLA,thenBingc.
Proof :
Remark : 2.9

i)Intersection of any family of RgcS is Rgc.
ii)Any Union of RgoS is RgoS.
Proof : i

Let A, B be Two RgcS so for each U ROS in
X, ASU =CL ASU and for each V ROS ,
B&SV =CLB&SV so AMNBSUNV
CL(AMB) & CLAMNCLB SUMV ,So AMB is
RgcS in X.
ii is the duol of i
Remark :2.10
i)Every open set is RgoS but the converse is not true.
ii)Every closed set is RgcS , but the converse is not
true.
Proof

Suppose that A is an open set , then for each
RCSFSA=IntA =F&Int = Ais Rgo and let
A be closed set , so for each RgoS U , ASU.
CLA=AS U= Ais Rgc.
Example : 2.11

Let X = { 1,23} and define T by T = {

1X~'l

AN

A} weher A<X | {1}, {2,3} > so RC(x) = {
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¢, X }and Rgo (x) = { ¢, X, A, B}Where B=< X
, {1,2}, {3} >, then B is Rgo but not open set and C =
<X {3}, {1,2} > is Rgc but no closed set.

For each U is ROS and B U we have prove
that CL BS U.

Suppose A is Rgc , then foreach UisROin (X, T),
ASU then CL ASU , but ASBSCLA so
CLBSCL(CLA) = CLA, then CLB&SCLASU e
B is RgcS.

Proposition: 2.12

If A'is an open and Rgc then A is closed set.
Proof:

Since A is open and Rgc , then VU js Rgo in
X, AS U= CLAS U replacing U by A , we have
ASA
then CLASA ....... (1)
but ASCLA ........ )
from (1) and (2) we have :

A=CLA i.e Ais closed set.
3.The separation axiom Regular generalized
T1:

In this section we introduce RGT separation
axiom and study the basic properties and give this
generalization with some details and conter examples.
Definition: 3.1

Let (X, T)beanITS, (X, T)issaidtobe: -
a)RGT1 (i) if for each X, yeX,x2y there exists
Uv where UV are Rgo X) st
XeU,yeV,X#V jeu

b)RGTL (ii) if for each xyE X # Y there exists

U,V where U,V are Rgo (X) s.t XeU,yeU and

?eV, i & i GV
X, ye X,X#Yy

Cc)RGTL(iii) if for each , there

exists U,V where U,V are Rgo (X) st. X € Ucy
and yevcX

d)RGT1 (iv) if for each X yeX,X#y .there exists

UV where UV are Rgo (X) st. X €Y SV¥ang

yeVcX
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e)RGTL(V) if for each X,yeX,x#y , there exists
U,V where U,V are Rgo(X) s.t y U and X eV .

HRGTL (vi) if for each XyeX,x# Ythere exists

U,V where U,V are Rgo (X) s.t yeU and XeV .

RGT(v)

T
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G)RGTL(vii) if for each X € X X is Rge(X).

h) RGT1(viii) if for each X € X+ Xis Rge(X).
Theorem :3.2
Let (X, T ) be an ITS , then the following
implication are valied

RGTT(vi)

RGT.(i) +— RGT.(i)+ RGTy(ii) —»RGT4(ii)

RGT1(viii) +————

Proof: RGT1(vi)—» RGT1(Vv)

VX ye X, X#Yq exists

Suppose there
U=<X ul,u2> and V= <y,v1,v2> are Rgo(X) s.t

X =< X,{x},{x}* >eU
y =<y {yh{y}' >2U 4

and

yeVviXeV i

implies X eV and yeU there for RGT1(v) holds .
RGT1(ii) — RGT1(Vi)

Let XY EXX#Y since RGTL(ii) hold so0

there exists U,V are Rgo(X) s.t xcU,yeU and

yeVv where
y =Y, ¢’{y}c > and

<N

=<x,4,04° > X =<0 03 >€y from this

we get X 2V and Y £Y there for RGT1(vi) hold.
RGT1(V) hold.

RGTL(i) + RGTL(ii) = RGTL(iii)
Let X,ye X, X #y since RGT1(i)+RGT1(ii) holds so

there exists U =< XUUs >4 V=<y, V1,V2> are

Rgo(X) st X €U gng yeU,er,Xand
?eV,?gYeV.
First we have to prove X €Y SVYand
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S

RGT(iii)

Ty(iv) RGTviii)
YeVSXywe have to prove that USYand
VE Xtake Uand ¥ =< y YR Ay}> , since
Y2U g0 YU there for Y STV} egng V32,
this RGTL(i) + RGTL(i)) = RGTL(i)
RGTL(i) + RGTL(ii) = RGTL(ii)
RGTL(vi) = RGTL(V)

Suppose there exists
XxeV,yeU, 4 YeV,XxeV

and
is direct

U,VERgo(X) s.t
this implies that
XV and Y £Y there for implies that ¥ SV .

In similar way we can prove ¥ S X Hence
RGT1(iii) halds
RGT1(iii) = RGTL(i) + RGTL(ii)

We have to prove RGT1(iii) = RGT1(i) and
RGT1(iii) = RGTL(ii) we prove that RGTA(iii)
=RGT1(i), let X, Y X# Y Since RGT1(iii) hold
so there exists U,V €R.g.0(x)s.t XeU <y and
YV <X oy KEU c YeuandYe v, Xev

andY €U 50 X eU and Y Sv.Since Y EvE X
so RGT1 (i) holds.

We conuse similar argument to prove that
RGT1(iii) = RGT1(ii). RGTL(iii) = RGT1(vii).
Suppose RGTA(iii) hold , take %Y € X s ¢
RGT1(iii) = RGTA(i) + RGT1(ii)

We have to prove RGT1(iii) = RGT1(i) and
RGT1(iii) = RGT1(ii) we prove that RGTI(iii)
=RGTL(i), let X, Y , X# Y since RGT4(jii) hold
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<l

XeU c

so there exists U,V €R.g.o(x)s.t and

eV X now xel CYeuadYe v, X ey

andY €U 50 X ey and Y SV.since Y EvE X
so RGT1 (i) holds.

We conuse similar argument to prove that
RGTL(iii) = RGTL(ii). RGTL(iii) = RGT1(vii).
Suppose RGTA(iii) hold , take XY € X s ¢

X% Y there UV R.g.0(X)
XeUc Vg YeV X gine XeUgy xeU
we have to prove that X is R.g.c , that is to prove is
R.g.o (X) for if X=UNV 1Y eV,V eRO(X)} ypqt

is X'is union of ROS so it is R.g.0 therefore X is
R.g.c.
RGTL(iv) = RGT1(viii).
Suppose that RGT1(iv) hold and let X € X"so for each
YEX st X*Yinere exists UV €RGO(X) o4
Y £U ang X &V |

We have to prove that X is R.g.c that is we

exists and

have to prove that X is R.g,0(X) .
RGTL(iii) = RGT1(i) = RGTL(ii).

We have to prove RGT1(iii) = RGT1(i) and
RGT1(iii) = RGTA(ii), First we prove that RGT1(iii)
=RGTL(), let XY €X X*Y since RGT1(iii) hold
XeU ¥ gng

so there exists R.g.o(X) st

yeVeX jon XeV | YeU g YeU s

implies that XeUgng YeU , SO in the same way
we getthat Y €Y | X 2V for RGT1(i) holds .

We can use similar arqument to prove that
RGTL(iii) = RGTL(ii) , RGTL(iii) = RGT1(vii)
suppose RGT4(iii) hold let X € X' 5o for each y in X

Xgy U,V e R.g.o(X)

exists s.t

yeVcX

s.t there

XeUcY g

XeU we have to prove that X isR.g.0 .

That is to prove that Xis R.g.0o(X) for if
X=U{V:1yeV.V eRgO(X)} thatis X is union of
R.g.0 set so it is R.g.0 therefor X is R.g.C. RGT1(iv)
= RGT1(viii)

Since X€U )
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Suppose that RGT1(iv) hold and let X € X so
for each Y € X st X7 Ythere exists U,V €R.g.0(X)

st Y # U and X £V We have to prove that Xis R.g.c

.That is we have to prove that X is R.g.0(X).
Since X =<X {3}, ¢>=U{U :y ¢U}s0,X

is aunion of R.g.0'S So is R.g.0 therefore X s R.g.C.
The following implication are proved by
transitivity.
RGT1(ii) + RGT1(i) = RGT1(vi),
RGT1(ii) + RGT1(i) = RGT1(v) :
RGT1(ii) + RGT1(i) = RGT1(iv) and
RGT1(ii) + RGT1(i) = RGT1(viii)
The converse of theorem 3.2 are not true in
general. The following examples show these cases.

Example : 3.3

1-Let X ={a,b} and define T={? , X AB 3}, where
A=<X?® [a}> B=< X %95 soR.C(X) (where
B=B") = { ¢’X’B} then R.g.o(X) = T , so the
IT(X,T) satisfies RGTL1(V) , but dose not satisfy
RGTL(i).

2-let X={a,b} and define T={%? X AB.Cy \where
A<X {a},?> B=<X(0}?> C = <x, .95 50
RCOO={ ? , X .c}and R.g.0(X)=T , so the IT(X,T)
satisfies RGT1(vi) , but not satisfies RGT1(ii).

3-Take X={a,b} and define T={# , X AB,C} , where
A=<X, ? {a}> B=<X, # 9> c=<X(a}, #> 50
R.C(X)=T and R.go(X)=TY{E,G} , where
E=<X {b},?> , G=<X {b}{a}> , so the IT(X,T)
satisfies RGT1(viii) but not satisfies RGT1(iv) and
satisfies RGT1 (vii) but not satisfies RGTL1(iii).
4-Take X={ab} and defined T={? < ABC} ,
where A=<X, ¢ #5 B=<X, ¢,{b}> ,C=<X, 0 05
so R.c(X) = {¢ ,>Z ,C} and R.g.0 (X) = T, so the
IT(X.T) satisfies RGTL1(iv) , but not satisfies
RGTL(ii).

5-Let X={a,b} and define T={¢ ,>Z JAB,C} where
A=<X {a}{b}> , B=<X {b}?> c=<X, ¥ {b}> , s0

RCOO={ ?.XBC} and  RgOMI=
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¢,>Z,A,B,C,E} where E=<X,{a},¢> then the IT
(X,T) satisfies RGT1(i) but not satisfies RGTL(ii).

4.The Separation axiom Regular generalized T»:

In this section we recall the definition
of weak forms of the separation axiom namely regular
generalization T2(ki) (RGT2(k) for short ) , where
KE (i ,ii, iii,iv, v, vi)inITS.

Definition : 4.1

Let (X,T) be an ITS,(X,T) is said to be :
A)RGT2(i) if for each XY EXX#EY there exists
UuVve R.g.o(X)S.t XeU _ yeV and UmV:q)_

b) RGT2(ii) if for each XY € X X#Y there exists
UV eRgo(X)s;XeU eV pqUnV=¢

¢) RGT2(iii) if for each XY € X X#Y there exists
UV eRgo(X)s;XelU VeV gqUcV

d) RGT2(iv) if for each XY € X X#Y there exists
UV eRgo(X);XeU VeV jqUcV

e) RGT2(v) if for each Xy eX,x# Y. there exists

UV eRgo(X),; XeU cy,yeV g; and

UmV:g_

f) RGT2(vi) if for each XY € X:X#Y there exists
UV eRgo(X) ; XeU cy,yeVv gil

UnV=¢

The following in the main theorem it gives
relations of the several kinds of RGT2 separation
axioms.

Theorem : 4.2

Let (X,T) be an ITS.Then the following
implications are valied :

RGTy(v) —» RGT(vi)

I ]

—

and

RGT.(i) RGT(iii)
RGT(viii) RGT.(iv)
RGT2(V) RGT(vi)

Let (X,T)bean ITS —>  satisfy
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Proof

RGT2(V) , for if let XY EXX#Y there exists

UVeRgo(X)q; XeU  VeU 4

UV =6 gince X €U gng Y €V , then we can get

easily that X €U and Y€V therefore X €V and
YeU gng U SV VX UNV =64 50 we get

that (X, T) is satisfy RGT2(Vi) , RGT2(i) = RGT2(ii).
Let (X,T) be an ITS satisfy RGT2(i) so take

XYEX.XEY here exists YUV €RGO(X)

XeU Jde g UNV=0 ginee XeU and,
yevthen we can get easily that X €U and yev ,and

UMV =4 from hypothesis .Therefore RGT2(ii)

holds.

RGT2(i) = RGT2iii).

Let (X,T) be ITS satisfy RGT2(i) , for if
XY eX,X#Y since RGT2(i) holds , this implies

that there exists UV €R90(X) gy XeU VeV

and UNV=0 gjnce XeUgyg UNV=0¢ o

« —~ , this implies that X €V This prove that for
every X in X if XeU then XgVije UeV
Therefore (X, T) satisfies RGT2(iii) .
RGT2(iii) = RGT2(i)
Let (X,T) be an ITS satisfies RGT2(iii) so
there exists YUY €RGO(X) e that X €U ,

YeV ang UV 10 prove that YNV =9 since

UcV ang XeUso XeV | this implies that
X2V Therefore YNV =¢
RGT2(i).
RGT2(ii) = RGT2(iv)
Since RGT2(ii) hold , so let XY € X, X#Y
UV eRgo(X) gy XeU

so (X, T) satisfies

there exists s -~ and

Ug\T' So XeV,yeV and UnV=¢ . SO

~

therefore Y SV that is mean RGT2(iv) holds.
RGT2(vi) = RGT2(ii)
Let XYEX,X#Y

U,V e R9.0(X) gince

there  exists

RGT2(vi) holds o)
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X eU gy’ VEVQXand UV =9 from this we

U,V e R.g.o(X)

directly that there exists s.t

XeU YV ang UV =9 therefore RGT2(ii)
holds.

RGT2(iV) = RGT2(i) is clear

RGT2(iii) = RGT2(iv)

Let (X,T) be an ITS satisfies RGT2(iii) , to
Prove that (X, T) satisfies RGT2(iv) , for if

X,y € X,X#Y since RGT2(iii) holds , this implies
that there exists Y'Y € ROO(X) ych that X €U .
y eV and U €V so we get directly that xeU :
YeV and
RGT2(iv).

RGT2(v) = RGT2(i)

Let (X,T) be an ITS satisfies RGT2(v) for if
X,ye X, Xy U,V e R.g.o(X)

UeV | Therefore (X,T) satisfies

, SO there exists

such and

UV =4 trom this we get directly that X €U

YeV and UNV =9 Therefore (X,T) satisfies
RGT2().

RGT2(i) =RGT2(V)

Let (X,T) be an ITS satisfies RGT2(i),to prove
that (X,T) satisfies RGT2(v), for if
XYy € X,X#Y gince RGT2(i) holds , this implies
that there exists YV € ROO(X) gych that X €U |
Y€V and YNV =4 \we have to prove Y S Y and
VX e u1StY and {y}SU2 also v1 &Y

vl c
Let U=<X,U1,u2> and ¥ SY2 aiso Vi STXF ang
GV, Frstly it i Usy et
Us<Xutu2s and Y =<XDF03> gy
Z €U this implies that 2€Y 1 Since Y <Y and
UV =9 this implies that Y eUgy VeV
2 2 Y this implies  that
20V} Therefore Y1 S is 7€V this implies

s prove
Z€Y  and  so

that ?Z ey} we get that a contradiction (because
Ze{¥} ) hence Z %Y Therefore Ys <V} Now
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Let YEOD} this

implies that eV} 0 Y2YU 1 nence Y€Vas0
{y}cu 2.
In a

we have to prove icU, |

simlier way
V €X Therefore (x,T) satisfies RGT2(V).

RGT2(ii) = RGT2(iv)

Let (X,T) be an ITS satisfies RGT2(ii) this
implies that there exists U,V € R.g.0(x).

we Can prove

Such that xeU gy, yeV cXgng
UnV=¢ we have to prove that UeV and V S X

ie. Vi SY and 2SY2 a0 Vi3 ang

U Firstly it is prove UCY | et u=<x,U1,U2>
and Y =<XY}¥.8> since <Y 2 we have to
prove Y =1V},

Let Z€U this implies that 22U 2 | so
ZEUl (UlmU2:¢).Since y%u (er
UNV) |, this implies that Z %Y Hence % €
ze{y}e Therefore Y1 =1V} ¢ |

<

In a similar way , we can prove VX g

(x,T) satisfies RGT2(iv).

The following implications followed from
theorem 2.2 by transitivity.

RGT2(v) = RGT2(ii) , RGT2(i) = RGT2(iv)

RGT2(v) = RGT2(vi) ,
RGT2(vi) = RGT2(iv)

RGT2(v) = RGT2(iii)

In general the converse of the diagram appears
in the theorem 4.2 is not true in general .The following
counter example shows the cases.

Example: 4.3

(OLet X={ab} and T={? X ABCy  \here

A=<X ® fa}> B=< X ¢ ®5 50 Re(x)={ X Cy
and R.g.0.(X)=T , so the IT(X,T) satisfies RGT2(iv) ,
but not satisfies RGT2(ii).
(2)Let X={a,b,c}

T=¢% X, AB.C bEFGH)
A=<X ,{a,b}.{C}>

and define

where
B=<X {a}{b,c}>,
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C=<X {b}{ac}> D=<X {c}{a}> , E=<X {ab}, ¢
> F=<X,{b,C, ¢> , H:<X, ¢,¢>.
RC(X) = £# , X ,E.H} and R.g.0(X)=TU{J.N,0,Q.V}

J=<X {b,c}{a}
0=<X {b}{a}>, Q=<X {b},?> , v=<X, ¢ ¥ 5o
that IT(X) satifisfies RGT2(i) , but not satisfies
RGT2(vi) and not satisfies RGT2(v)

where N=<X, @ ¢

Corollary : 4.4
Let(X,T) be ITS , then if (X,T) satisfies

RGT2(k) , then it satisfies RGT1(k) , where
k e (i,ii,iii,iv, v, vi).
Remark: 4.5
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The converse of corollary 4.4 is not true in
general .The following examples in example 3.3
showes these cases.
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