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The purpose of this paper is to discuss the degree of best monotone multi-
approximation of unbounded functions weighted space in terms the modules of smoothness
by using some algebraic linear operators. In addition, introduced ,proofs some properties of
the modulus of smoothness.

1. INTRODUCTION

Many authors studied the problem of best monotone
approximation for functions and operators in normed space
also in metric space (cf.[1 ],[2],[3],[4],[5] and [6]).
The monotone approximation of periodic bounded functions

by linear operatory was obtained by
([71,[81,[91,[101,[11],[12],[13] and [14]) .
Let X=[-11] , L,,([-11]) be the space , 1<

p<o of all unbounded functions with

variable and the norm given by

1l = f (f OwWDOIPde? < o

Where w(t) > 0 is calledweight function belong the set W of
all weight functions .

Fork=1,2,...... the k-modulus of smoothness of the function
f € Ly, ([—1,1]) is define by

wi (f.7) = Sub, allatfOll,,

one

,n € N, where

such  that

BEFO = Zo 0 () fect s,
AXf(t) is called k-th difference of f at point t with in

quantity h . And the for AKf(t) is define on real numbers
denote by PP, the set of algebraic polynomials of degree k and

there E.(f,
L, w([—1,1]) by algebraic polynomials of P,

%)p,W be the best approximation of f €
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E(f.r) = info,ep,If = Dullpw)-
n/pw

Let d is natural numbers and the space L,,,([—1,1]%) of all

unbounded functions of malti-variables , with f €

Ly, ([-1,1])%, given norm by

1
1 gyt = (g apel FOWOPAE) <o, 1< p <
oo and

t e ([-1,1D¢ .

2. Auxiliary lemmas

We will prove of the lemmas that we need our main
results in next section.
Lemma 2.1:
Letf € L,,,([-1,1]%), 1<p <o, k €N, § > 0. Then

wi (f, 6)p’wy([_1’1])d > 0.

Proof:
We have

wi (f, 6),,_W,([_1_1]d) = sup > {1185 £ Ol e )

sup {12to(- et (94 W, oty }
Slnce
”Z o(=D)F ! (k)f( +lh)” pw([-1,1]¢ ’
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implies ”Aﬁf( . )”plw([—l,l]d)
k
Hence |§zl|lsr¢)3 {”Ah f(')”p_wy([_Ll]d) } 20
(s 8)p =114 = 0

Lemma 2.2:
Let Letf € L,,,([-1,1]%), 1<p <o, k€ Nand§ > 0.
Then:
wi(f, 6)p'wy([_1'1]d) -0 as § » 0.
Proof:
Letd =

1
n
W (s 8w -1.11%

= w y
“\''n pw,([-1,1]%)

= sup {”Akf( )”pw([ 11]d)}

IhI<—
= sup (J45 01/ Ol o)
= sup i e -
fC+o )]”pw([ 11d)}

Ifn—>oothen%—’0

= sup {”Ak ) = fC. )]||pyw,([_1,1]d)}

|h|<—
_||Sup {“Ak ! ]”pyw,([—1,1]d)}
hl<=
= sup 0ll,, u,(-1,112) = O-
|h |<—
Lemma2.3:

Letf,g € L,,,([-1,1]%), 1 <p <o, k € Nand § > 0.
Then

wi(f + g, 5)p_w,([_1,1]d)
Wi (9 ), (-1,11%)
Proof:

< Wk (f, ) ora)ty +

w(f +9,8)pw -111%
= Sup {”A;‘1 (f+9)( -)”pw([_1 1]d)}

= Sup {”Akf( )+ A g(. )”pw([ 11]d)}
S Iflllls%{“Ahf(')“PW([ oy + Ak gC. )“pw([ 11]d)}
s {”Ah f(')”p.w,([—l.ll"‘)} *

k
e {”Ahg (-)||p,w,([_1,1]d)}

= 0 (f, 8w, -1t T 99 ) -1119)
Lemma 2.4:
Letf € Lp_w([—l,l]d), 1<p<o, keNand§,c>0.

Then: wi(f, C5)p,w,([—1.1]d) s
c*awy (f, 5)p,w,([—1,1]d)
Proof:
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W (f, €8) p -1,y = Inles {llat s Ol =211 J

k
= Inles {||A05f(')||pw([—1 1% }
= sup {I(C8)* D*F( )l -s0)

= ck |Sup {”‘Sk kf(-)”p_w,([—l,l]d)}

= ¢ sup {185 £l -y 0)

= e (f 8y 1,11
Lemma 2.5:
Letf € Lp_w([—l,l]d) 1<p<oandk € N. Then:

wi(f, 51)p,W,([—1,1] < wi(f, 52)pw([ 1,114 for every
5 < 62: 61,62 > 0.

Proof:
_ k

0k(fs 81w 1,1 = Isggl{”Ahf(')”p.w'([—l'l]d)}

<
I:Il;gz {”Aﬁf(')”p.W.([—Ll]d)} since 0, < 0,

= 0k(f, 82D (-1,119)
Lemma 2.6:
Letf,f € Lyw([-1,1]%), 1<p < oo, k€ Nandh > 0.

Then wi(f, 1)y (-11)%) <

% a)k_l(f, h)p,w, (-11]%) where f is the first derivative of
the function f".
Proof:
We have AF f(x) = AF1(A} f(x))
= A [f(x +h) = f(x — h)]
8% £COl, -1,
= |25 [FC+h)
= fC=mI e
= [ 8k LG A = FC) +£() =
fC.=h] ||p,w,([_1,1]d)
= [AK [FCHR) = F(O1 = AT [FC~R) =
f()] ||plw_([_1‘1]d)

h
- Aﬁ—lff(.—kL)dL—A’,i_lff(-—L)dL

pw,([-1,1]%)

< -] a) dL

pw,([- 11

[ AK [+ = (.

NP O%m:

(Uk—1( f' 6 )p,w dL

h P
< Ewk_l( f:8 )p.w,([—l'l]d)

O\‘

Lemma 2.7 : [15]
Let f be a bounded function that is measurable on the interval
[a,b] such that a,b € R. Then
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f: fx)dx =

3. Main Results
In this section we prove our results by some types of

linear operators to obtain the best monotone multi
approximation of unbounded functions in weighted space.
Theorem 3.1 : Let f€L,,([-11]*) , 1<p <o and
define the operator

E-ISSN 2706-6703

t ¢ f(x), where x; = a + ih.

L= @7 [

1 .-

f df(t+t1+m
[-11]

1
Q =-—Then

t.)dt ,
+ t) X

i— L,(f,t)>0.

. 1
=1 La(f, ) 1y o121y S Cra (f'ﬁ) (-111%)
pw,(l—1,

iii — ||f - Ln(f' (Z) W | |p,w,([—1,1]d)

1
< C,,w (f,—) .
. n/pw,([-1,1]%)
v — ||f - Ln(f' a) [ A% | |p’W'([_1’1]d)
1
< Cpyw (f’,—) .
@ /pw,([-1,1]%
Proof :
1
i L= @ [ | fen e
[-11]4 [-11]4
+ t,)dt
f f f(t+t1+"'+ tk)dt >
[-11]4 [-11]4
Thus, L,(f,t) =0

ii — L,(f,t) = (Q)% f f flt+t,+-+ t)dt

|| Ln(f' t)l | p,w,([—l,l]d)

< || Ln(f' t) - g(t) + g(t)l | p,w,([—l,l]d)

< | |Ln(f' t) - g(t)l | pw,([-1,1]%) + ”g(t)”p_wy([_l_l]d)

< Max () 11 B3O |y st
S Max (C) Sup ” A(ls'f(t) | |p,W,([—1,l]d)

1

< Max (C) w (f,;)
“‘l - ”f - Ln(f’ a)l | p,W,([—l,l]d)

= ([ o= L (I weI? dx)?

pw,([-1,1]%)

1
SSup (f |f(x) _ Ln (f)W(X)IPdX)P =
X
< C i Sup (”A }?f()” pw,([-1,1]%
1
< Cpw (f E) pw,([~1,1]%)
iv- from (iii) by clear

f = LaOl pw qor119) <

from lemma ( 2.6 )

W= LoDl pw 19y <

1
G2 @ (F0) pw o119

;1
Cys w (f’;) pw,([-1,1]%)
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Theorem 3.2 : Let f € L, ,,([-1,1]%) , 1 < p < oo and there
exist class of algebraic Polynomials {G |} -, satisfies

ka(x)dx=1

NGl pw < Ci Where Cy is positive constant ,

if f satisfies Theorem 3.1

A=f(f,8) , 6==and Cf,= [AAX)G (Y~
x)dx. Then

1- “f - f*” pw,([-1,1]%) < Ck Wy (f' 6) [A%
1- “f - f*” pw,([-1,1]%) < Ck wk(f,' 6) [ A%
Proof :

LetG = Gy == Gypooq = % ,n =2k,

Let G 4n—4k (x) = Cn [(pZn(x) /xz _ t122 ) (xz -

t,%_Zn)] 2 . ..(D
Where P ,, is algebriac Polynomial of degree 2n
and t;,,,..,ty2, are its positive Zeros in creasing order.

Define the remaining G ,, with the relation

CGini1= Gani2=Guanyz3=Gun , n=k

We have
Cin <ty <o < gy <Gt
n>k.....(2)

By using 1P|l ,, = 1

Let last equality being a consequence of starlings formula
(1)and(2) to gather imply

Gan-ae0)=Ccyn*1, n=2k ccecc. ... ... (3)

Write

1 n
1= f G 4n—ar(x) dx = Z By 2n+ 1)G sn—ar(tk2n+1)

-1 k=-n

Where B, (2n+ 1) are the weights of Gaussian
quadrature formula , exact for Polynomials of degree 4n+1 ,
with nodes The zeros of the Legendre of degree 2n+l
Therefore

1 =By (2n+ 1)G 4,4, (0)

Since By 2n+1) = n(1+0(1)) / 2n+1)

Then

G 4n—4k (0) <
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By using The definition of the G,, and (2) implies

”G n” p,w,([—l,l]d) < C 72’1_4k
Again let
2k X%% G 4,,_4, (%) is polynomial of degree 4n — 2k

nz=

Therefore for i = 1,2,

1
Hi= f a?" G gn_ar (X)dx
-1
=2 Z b75 Bi(20)G sy (b 20)

Where B;j(2n) are the weights of the Gaussian
quadrature formula , exact for polynomials of degree 4n-1,

with nodes The zeros of the Legendre polynomial of degree
2n .

Since Gyy—_4 has zerosat ty g 2y, weee by on

Then Hi = 2 Z] ) tjzﬁn ; (21) Gap—ak (20)
Since G,,,_4x has alocal maximum on [— tiet12n sttt _Zn]
At zero. Then
B;(2n) < % (1+0(1),j=12 ...k
From (2) and (4)

The definition of the G,,; imply

1
f x% G, (x)dx < C;?, i=12,.., n=k .... (5
-1

By using (5) we get

1-FE (1,¢t) = fl G, (x)dx—leGn (x)dx <

2
1
2 fl G, (x)dx < CZ*

2

E, ((x, t) %, t) = fi(x —t) %G, (x — t)dx

NI»—\

—f x %G, (x)dx
e
Sf (x) G, (x)dx
-1
And applying (5),
F(-0%t)< ¢, i=12..k ..(6)
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1
E, (lx—tl*t) < f |x| *G,, (x)dx
-1

1

1 2
f x%* G, (x)dx] < Gk

<

1

By using The Schwartz inequality and (6) for i is odd , Then

|Fn ((x—t)i,t)|= fix G, (x)dx

4
Since G,, is even , Then

E ((x—0ix)| < C¥*,i=135..
[F (G -0tx )| = ¢

If fe [—%,%] , Then Taylor's theorem gives

k-1 . .
/1(1) t - t t
)= [E—O(j ) l

MRS

fxl(k) (w) (x —w)*'du

Since the last term on the right hand side is bounded in
modulus by

1
() e = et

|F.(4,t) = A < I/l(i?)llf1 EDI

Z Iﬂ(‘)( )|

B =0t +
i=1
! (k) k
() 11, B (¥ £a0)
Thus || B, (4,8) = A lpw < C I,y q-1199) +
k— 1| (1)”
N @ 00
i=
(1) ]| N1E (@ )|
k! (u) f(u) pw,([-1,1]¢

< Max (c) .wy (f, 6)p'wy([_1'1]d) .

We have , from Theorem 3.1
Il < CIf'|l implies

If =7l < Max (¢) wi (f',6)a
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Theorem 3.3: Let € L,,,([-1,1]*) , 1 <p < oo andr €N.

Then

E,(f 8)pw < Max(c) @, (f &)y
Proof:- Let f = a — f such that

a(x) == +2BML) -BE=D)(x+1)

From of property of smoothness of modulus , we have
Wy (f(S) pw,([-1,1]%) = er (a' 5) pw,([-1,1]1%)
Theorem 3.1 and 3.2 apply to , writing

T (@) = B(x) + %, (x(f)

Theorem 3.1 and 3.2 imply

1 = F2 0 ety = ([ 1@ = 2 G 0w P’

< (] Jat - g @.weoPdn”
e el
Let g = #(f) Then
B(F) = B0 +2°(9) = FCO + [ 0 (0.2 (e — )

T ) = )+ [ g (©.~20( - e

= B0 +[-g Ot = Dy + | g @a(e =)

r = 2 alternate differen and integration by parts yield :

T = (<" | D (1)) gIO 2 = 1=t =)
j=0 xd

+ f dgr (O, (t —x)dt

—y@+ [ g Oh-xde

From Theorem 3.1 , we get
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”f(a) - T)”p,w,([—l,l]d) S ”AZfllp,w,([—l,l]d)
“f(a) - r”p,w,([—l,l]d) < Sup”AZf”plw_([_Ll]d)

Er (f,(s)p,w,([—lrl]d) =

pw,([-1,1]%) -

Max(c) w,(f9)

4. Conclusion

In this work, we managed of prove some properties
modulus of smoothness which need it in main results proofs
and we can found the degree of best monotone multi-
approximation of unbounded functions by using some types of
linear operators and algebraic polynomials.
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