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ABSTRACT

In the present paper , the order and index of the normal abelian Hall subgroups
have been studied through using of some functions defined on group rings . Also,
some properties of homomorphism have been studied.
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Introduction:

Let © a group and H : K a subgroups of

S

finite index in a group G Also S a subset of

group G , then |S| will denote the order of :

and |G:H | will denote the index of H in group G

,and H s Hall subgroup if G isafinite group and
|G:H| is relatively primeto H

We prove in this paper the following corollary :
(Let G be a group containing a normal abelian Hall
subgroup A oforder ™ andindex " i G .Then

U n. G

there exists a subgroup of order in it

follows that G =U A gngU N A=1 )
Definition1:[1]
If H is a subgroup of finite index in a

group G ,and K
H ,then K

isasubgroupof G containing
is of finite indexin G , and
|G:H |[=|G:H ||K:H | .
Definition 2:[1]
Let A and B besubgroupsof group G .
If B isof of finiteindexin G ,then A (B
subgroup of finite index in A ,and
|AtANB|<|G:B] .
Equality holds if and onlyif G=AB .
In particular, if | G:A | is also finite , then

|G:ANB | <|G:A|G: B

isa
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with equality if and onlyif G=AB .
Definition3:[1]

If N and K aresubgroups ofgroup G ,
and N isnormalin G ,then N K isasubgroup of
G ,and

NK/N=K/(NNK)
Proposition (1) : [1]

If A and B are subgroups of finite index in
and |G:A| and |G:B| are
elatively prime,then G=AB .

By ( Definition 1) , | A:ANB]| is

divisible by both | G: A| and |G:B| ,andso

a group G ,
Prove

by their least common multiple.

Since | G: A| and |G:B| are relatively prime,
their least common multiple is [ G: A |-|G:B |,

and so thisisatmost | G: A1 B | . The result now

follows from (Definition 2) .
Proposition (2) : [2]
If A,B and C are subgroups of
group G ,and A cC ,then
ABNC=A(BNC).
Note: A B isnotnecessarilyasubgroupof G .
Prove:Let ace A(BNC) ,where aec A |,
and ce (BNC) .Then
ace AB ,and aceaC=C .Therefore
A(BNC)c ABNC
On the other hand , if abe AB()C , where
ac A and b e B ,then
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bea' C=C ,andso
abe A(BNC)
Thus ABNCc A(BNC), and the

follows.
Definition 4:[2]
Let G beanarbitrarygroup,and let (Q be

result

asetforwhich,foreach o e Q and each xe G ,
we have defined an element a * € Q with the
properties :

(@) The mapping X: a0 = a *
theset O foreach xe G

isapermutation of
;and

() xy=xyforall x,ye G . Then for each
a e Q theset

a® ={ax| xeG }g Q
is called the orbit (or transitivity set) of « ,and
the number of letters which « © contains is the
length of the orbit. The set
G,={xeG|a"=a|cG

is called the stabilizer (or stability subgroup ) of «

Proposition (3) : [ 3]

The mapping x— X;(xeG ) ,where X is
defined in Definition 2 (a)) above defineds a
homomorphismof G into S, .Thekernel of the

homomorphismis () G

Prove: The mappingisinto S, by (Def.(2) (a)
) , and a homomorphism is

{XEG‘ aX:aforaIIaeQ}z

= ﬂaeQGa '
Proposition (4) : [2]
Let H be a subgroup of agroup G .We
define Q to be the set of all right cosets
Ha(aeG) ,
(Ha)*=Hax (Ha,HaxeQ; xeG)
Then the stabilizer of Ha is a 'Ha ,and the
kernel K of the
(Proposition (3)) is (]

largest subgroupof H normalin G

and define

homomorphism define in

a*Ha ,whichisthe
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Prove : The stabilizerof Ha is
{yeG|Hay=Ha}=
:{yeG‘ yea’lHa}:

=a'Ha
Hence , by (Proposition(3)) the kernel of the

homomorphism is as described . If N < H ,
and N is a normal subgroup of G , then
N=a'Naca'Ha
forall ae G ,and so N < K asrequired.
Proposition (5) : [2]
If G isafinite group,and n is positive
integer relatively prime to the order of G ,then for

each xeG ,thereis aunique yeG such that

y"=x . Inparticular ,if y"=z" for two

elements y and x in G ,then y =12

Prove: We first show that , if vy,zeG
and y"=2z" theny=2z .
Let m=|G| since m and n are

relatively prime, there existintegers s and t such
that
ms+nt nt nt

y=ymtt=yt=z" =

:st+nt:Z

ms + nt =1 .Then

becausethe orderof y and z both divde m .

It now  follows that the  set
{y "|yeG } contains | G| distinct elements of
G ,
Thus xX=Yy

and so comprises the whole of G .

n

forsomeunique y in G .

Let C denote the field of complex numbers.

Let G beagroup, andconsider theset R, of all

formal sums: > __a, x( @, C) in which all

buta finite number of coefficients «, are zero. We

define addition and multiplicationin R; by
(ZXEG(XXX )+(ZX€G ﬂxx )Z
:ZXEG (ax+ﬂx)x

And

(Zeax IX, 6 8.x)-
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:ZXEG 7)( X
Where  y, =>"  _a, .. B,

is a finite sum of elementsin C because

( Note

That y,
p, is zeroforallbutafinitenumberof zeG ).
Definition 5: [3]

An element > a,x inRg , which, for

someueG |, has o =1

and o, =0 for x #u , is written as u and is

said to be an element of R,  lyingin G . Itis

readily shown that R, isan associative ring with

unity element 1 (the identity of G ) , and that
RG
Wecall R; thegroupringof G (over C ).
Proposition (6) : [5]

Let G be a finite group of order mn , where
m is relatively prime to n . Let A be normal
abelian subgroup of order m and
in G .
Then there is an isomorphism ¢ of H onto K
such that:

Ax:Axg(XGH;xHeK )

Moreover, forsome ¢ e A ,

iscommutativeif and only if G is abelian.

let H and K be sub groups of order n

cxct=x? for all xeH .Thus, H is

conjugateto K in G .

Prove Since m is relatively prime to

n ,G=AH=AK ,by (Proposition (1)) and
ANH=ANK=1 .Thus H

each complete sets of coset representatives
for A in G . Therefore we can define a one-to-one

mapping & of H onto K by the condition
AX:AXH(XEH ' x% e K ) Since
A(xy)’=Axy =

=(Ax)(Ay) =
(Ax”)(Ay ") =
A(Xeya)
for any x,y € H , it follows that 8

and K are

is an
isomorphismof H onto K .
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We

u?uteA forall ueH ,and A isabelian,

now construct ¢ . Since

we can define b € A by

bZHUEH ugu_l

Forall xe H ,wehave

xbx* =] {x(x‘g ) (xu)? (xu)™ }z

ueH
= e ) TGy ()t
ueH
= {x(x)" b
Because m is relatively prime to n , we can use
(Proposition(5)) to find ce A such that
b=c" Then
(xc x‘l)n = xc"x'=
={x(x?) e
Thus by (Proposition (5)),
xctx?t = x(xf’ )_1 c :thatis,
x?= ¢ xc™? .lInparticular,
K=cHc!
Definition 6: [4]
The set M (n,G) of all

n x n monomial matrices over G is a group in

which D (n,G) isanormal subgroup, Moreover

M(n,G)=S(n)D(n,G)
Ss(n)ND(n,G)=1
Definition 7:[2]

Let G be a group with a subgroup H of

and

finite index n in G . Let & be a homomorphism

of H into a group S . Then we define 0 asa
functionof G into the groupringof S by:
(1) (x) if XE.H
0 otherwise
Definition 8:
Let r,,r,,... , r

be a set of left coset

in G . Weshallnow define
of G induced

representatives for H
the monomial representation & ©
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from @ overthe givensetof coset representatives.
Foreach x e G , We define.
Blr ) () ()
T é{rz'lxrl] ilrar, ) ()

) 8] (e

The matrix @ ° (x) liesin M (n,S)
Proposition (7) : [4]

Let &€ be the function of the group
G into M (n,S) as defined by  (¥).
Then 6° is a
into M (n,S) .Ifthekernelof & is N , then
the kernelof @° is (X N X

xeG

homomorphism of G

Prove: Forany x,y €G ,We have
6°(x) 0°(y) =
=[67(ri‘lxrj )] [é(ri‘lyrj )]:

=2 0(ri'xr ) o(rtyr;)
k=1

But & (ri*xr, )0 (rtyr;) is
nonzero only if we have both
(ri'xr.) and (rtyr;) lyingin H that
is, both (x™*r;) and (y r,;) lying in the same
coset r, H .Forgiveni and j thereisatmostone
such k . Thereissucha k exactly when

(x*r )" (y r; )=rtxy r, lies in H
Thus

o(ritxn)0(rityr) =
k=1

:é(riilxy rk)

Hence 8°(x) 8°(y)=6°(xy)

forall x,y €G ,andso 0 ° isa homomorphism
. Finally,
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0° (x)=diag (1,1,
if (r *xr,)eNfor each i

,1) if and only
. Thus the kernel

of 6¢ is
ﬁ Nrt =[x "*Nx
i=1 xeG

Definition 9: [4]
Let G beagroup, H asubgroup of G ,

and S asubsetof G .Then | S| will denote the
order of S , and | G:H | will denote the index
of H inG .If G isafinitegroup,then H isa
Hall subgroup of G if | G:H | isrelatively prime
to |H].
Proposition (8) : [5]
Let G be a group possessing a normal
abelian Hall subgroup A of order m and index
ninG . IfH is a Hall subgroup of
order n in G ,and K is a subgroup of G such

that n divides | K | _then forsome

XxeG,Xx *HxcK .

Prove : The subgroup N = K ) A isnormalized by
both A and K , and so it is a normal subgroup
of G=K A . Thegroup G/N contains two Hall
subgroup K /N and H N /N oforder n ,using

(Definition  (3)), and an abelian normal
subgroup A /N of index n . Therefore, by

(Proposition (6)) , thereis x € G suchthat
X THxcx 'HNx=K

Corollary :

Let G be agroup containing a normal abelian
Hall subgroup A oforder m andindex n in G .
Then there existsa subgroup U of order n in G
it followsthat G=U A andU N A=1
Prove:
Let & be the identity homomorphism of A onto it
self ; that is #(a)=a for all ae A . Writing
G"=60°(G)and A" =6°(A) ,we
have G* =G and A" = A , by (Proposition (7)) .
Now

P=S(n)NG"D(n,A)



P- ISSN 1991-8941 E-ISSN 2706-6703
2011,(5), (3 ) :34-38

is a group of permutation matrices , and
PD(n,A)=
—{s(n)NG"D(n,A)|D(n,A)
=S(n)D(n,A)NG*D(n,A)
= G"D(n,A)
Using (Proposition (2))
Therefore
|P|[=|P:PND(n,A)|=

=|PD(n,A):D(n,A)|=

and (Definition (6)).

=‘G*:G*ﬂ D(n,A)‘z
=‘G*:A*
Thus P is a Hall subgroup of

=N

PD(n,A).
Since D (n, A) isabelian and of order | A |"

and n divides‘G* , it follows from

(Proposition (8)) that G contains a subgroup of
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order n conjugateto P in G* D (n,A) .Thus

G ,whichisisomorphicto G * , hasasubgroup of
order n as asserted.
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