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1-  Introduction    

   A bitopological space ( X, 21 , pp ) [ J .C. Kelly " 

bitopological space " ,1963] is anon- empty set X with 

two topological P1and P2 on X and then   definition of 

open set which is said to be  -open set ,also define 

 -open function ,and study some of properties for its , 

also introduce inductively  -open function and we 

study the relation between  -open function and 

inductively  -open function in bitopological space 

and then we write some of theorems for them.  

2- Basic definitions and theorems  

 Definition  2-1 :.  

Let ( X, 21 , pp ) be bitopological space then asubset A 

of X  is said to be  -open set iff ,there exists ip - 

open set U ,such that U  A ,and ( )UCl
ip  A ,     I 

=1,2  

Example 2-2 :. 

Let X ={ a ,b, c, d },  1p = {Φ ,X ,{a} ,{b}, {a,b}} , 

2p ={ Φ,X, {c},{a, c}} 

then  -open sets ={ Φ ,X, {a, b, d},{b, c, d},{a, c, 

d}}. 

Remark 2-3 :. 

The intersection of  tow  -open sets is not necessarly 

 -open .while the union is     -open set. 

Proof : 

Let {Aλ : λ   }be any arbitrary collection of  -open 

sets ,then there exists Pi -open set  Uλ  such that Uλ  Aλ  

and  ( )  AUCl
iP    ,    I= 1,2 , for each λ   . 

Since : 

( )(  UCl
IPi 2,1=  ) = ( )( ) ( )( )) UClUCl PP 

21

 

  = 
( )( ) 



 AUClPi

i

 




=


2,1
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Remark 2-4 : 

1- The set of all  -open sets is not atopological space. 

2- If A is  Pi  -closed set for I =1,2  , then A is  -

open set . 

3- If A is Pi  -open set for I =1,2  , then A is not 

necessarly  -open sets . 

Examples 2-5 : 

Let X ={ a ,b, c, d },  1p = {Φ ,X ,{a} ,{b, c }} , 2p ={ 

Φ,X, {a},{c,d}}. 

the  -open sets ={ Φ ,X, {a},{a, b},{a, c},{a, d},{a, 

b, c},{a, b, d}{b, c, d}} . 

since {a, b, d}∩ {c, b, d} ={b, d} which is not  -open 

set .then the set of all  -open   

Also {b, c} is open in P1  , but not  -open .  

         {c, d} is open in P2  , but not  -open . 

Definition   2-6 : 

A function  f: (X , P1, P2) → ( Y , W1, W2 ) is said to be 

 -open function iff f(U) is  -open in Y whenever Uis 

 -open set in X . 

Definition   2-7 : 

Let f: : (X , P1, P2) → ( Y , W1, W2 ) be function we 

say that f is inductively  -open function iff there 

exists a subset X*  X .such that f(X*)= f(X) and the 

function  

fX*:(X* , P1, P2) → (f(X), W1, W2 ) is  -open function. 

Remark 2-8 : 

1- every onto closed function is  -open function . 

2- every onto  -open function is inductively  -open 

function . 

Theorem  2-9 : 

If f:(X , P1, P2) → ( Y , W1, W2 ) is one to one function 

and on some X1  X with f(X1) = f(X) , f is inductively 

 -open function on X , then f is inductively  -open 

function on X1 .  

Proof  :- 
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  Since f: (X , P1, P2) → ( Y , W1, W2 ) be inductively 

 -open  one to one function  then  , there exists X*  

X  , such that f(X*)= f(X) and fX*: (X* , P1, P2) → 

(f(X), W1, W2 ) is  -open now ,to prove f:(X1 , P1, P2) 

→ ( f(X) , W1, W2 )  is inductively  -open function . 

let X2   X such that X2  = X*  X 1   . 

we need to show that f(X2 )=f(X1) and fX2: (X2 , P1, P2) 

→ (f(X), W1, W2 ) is  -open function . 

 now ,  f(X2 )= f(X* ∩X1)  =f(X*) ∩f(X1)  

                                         = f(X) ∩ f(X)   

                                                              = f(X)  

                                                              =f(X1)   

Let U be  -open set  in (X2 , P1, P2)  , to show f(U) is 

 -open in (f(X), W1, W2 ) . 

Since U is  -open in X2  , then there exists U*  closed 

in X*, such that U = U* ∩ X2 

f (U) = f(U* ∩X2 ) 

         =  f(U* ) ∩f(X2 ) = f(U* ) ∩f(X ) = f(U* ). 

Since U* is closed in X* , then U* is  -open in X* and 

fX*: (X* , P1, P2) → (f(X), W1, W2 ) is  -open hence 

f(U* ) is  -open in f(X). 

Definition   2-10 : 

Let f: (X , P1, P2) → ( Y , W1, W2 ) be a function in 

bitopological space . 

And A X a subset A is said to be an inverse set iff A 

= f -1 (f(A)) . 

Theorem  2-11 : 

If  f: (X , P1, P2)  is inductively  -open function in 

bitopological space, and A inverse subset of X , then 

fA: (A , P1, P2) → (Y, W1, W2 ) is also inductively  -

open function  

Proof : 

Since f: (X , P1, P2) → ( Y , W1, W2 ) be inductively 

 -open function , so there exists  

asubset X* X , such that f(X* )= f(X)and  fX*: (X* , 

P1, P2) → (f(X), W1, W2 ) is  

 -open function . 

Now to prove that fA: (A , P1, P2) → (Y, W1, W2 ) 

inductively  -open function . 

Let A1 A , such that A1 =A∩ X* and we need to show 

f(A1) = f(A)  and  

fA1: (A1 , P1, P2) → (f(A) , W1, W2 ) is  -open 

function . 

f(A1) = f(A ∩ X*)   

f(A1 ) = f(f -1 (f(A)) ∩ X*)  

          = f(A) ∩f(X*)  

          =  f(A) ∩f(X)  

          = f(A)  

Now ,let U be  -open  in  A1 , so there exists closed 

set U* in X*  , such that  

U = U* ∩ A1
  . 

Hence f(U) = f(U*∩ A1
 )  

                   = f(U*∩ A ∩ X* ) 

                   = f(U*∩ X* ∩ A) 

                   = f(U*∩ A ) 

                   = f(U*∩ f -1 (f(A) )) 

                   = f(U* )∩ f(A ) 

Since U*  is closed in X* , then U* is  -open in X* , 

and fX*: (X*, P1, P2) → (f(X), W1, W2 ) is  -open 

function . 

hence f(U*) is  -open in f(X*)= f(X) . 

there fore f(U*) ∩ f(A)   -open  in f(A) . 

thus fA1: (A1 , P1, P2) → (f(A), W1, W2 ) is  -open 

function . 

 so fA: (A , P1, P2) → (Y, W1, W2 ) inductively  -open 

restriction of a function .  

Proposition 2-12  : 

If f: : (X , P1, P2) → ( Y , W1, W2 ) is  -open function , 

let T  Y , then  

fT : (f -1(T) , P1, P2) → ( T , W1, W2 )  -open function . 

proof 

Let V be  -open set in f -1(T) . 

So ,there exists closed set V* in X ,such that  V = V*∩ 

f -1(T) . 

fT(V) = f(V) = f(V* ∩ f -1(T) ) = f (V* ) ∩T . 

since V* is closed in X , then V* is  -open and f:(X , 

P1, P2) → ( Y , W1, W2 ) is  -open , then f (V* )  -

open in Y . 

so f (V* ) ∩T is  -open in T . 

hence fT : (f -1(T) , P1, P2) → ( T , W1, W2 ) is  -open 

function . 

Theorem  2-13 : 

If  f: (X , P1, P2) → ( Y , W1, W2 ) is onto inductively 

 -open function , let Φ ≠ T Y ,then fT : (f -1(T) , P1, 

P2) → ( T , W1, W2 ) be also inductively  -open 

function . 

proof : 

since f: (X , P1, P2) → ( Y , W1, W2 ) onto inductively 

 -open function , then there exists a subset  X1X 

,such that f(X1) =Y and fX1: (X1 , P1, P2) → (Y, W1, 

W2 ) is    -open  . 

now ,to prove fT : (f -1(T) , P1, P2) → ( T , W1, W2 ) is 

inductively  -open function ,where Φ ≠ T Y. 

let 
*

1X be a subset of f -1(T) , such that 
*

1X = X1∩ f -

1(T) we need to show that 

 fT (
*

1X )= T and 
X

fT 

1

: (
*

1X , P1, P2) → (T, W1, W2 ) 

is -open function . 

now , let U  -open  set in 
*

1X  . 

hence , thereexists U*  closed set in X1 , such that  U = 

U* ∩ *

1X      

f(U) =f (U* ∩
*

1X )  

f (U) = f (U* ∩ X1 ∩ f -1(T)) = f (U* ∩ f -1(T)) = f (U*) 

∩ T  

since U*  closed in X* , then  U* is  -open in  X* , and  
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fX*: (X* , P1, P2) → (Y,W1, W2 ) is  -open ,so f(U*) is 

 -open in Y . 

there fore f(U*) ∩ T is  -open in T . 

so fX1
*: (X1

* , P1, P2) → (Y, W1, W2 ) is  -open 

function . 

there fore fT : (f -1(T) , P1, P2) → ( T , W1, W2 ) 

inductively  -open function . 

Proposition 2-14  :  

If  f: (X , P1, P2) → ( Y , W1, W2 ) is onto function , Y 

= T1  T2  open cover of Y . 

f
1T
: (f -1(T1) , P1, P2) → (T1 , W1, W2 ) and f

2T
:(f -1(T2) , 

P1, P2) → (T2 , W1, W2 ) are  -open , then f: (X , P1, 

P2) → ( Y , W1, W2 ) is  -open function . 

proof : 

to prove f: (X , P1, P2) → ( Y , W1, W2 ) is  -open .let 

U be  -open set in X , to show f(U) is  -open in Y . 

U = U ∩ X   

    = U ∩ f -1(Y) = U ∩ f -1(T1   T2)  

    = U  ∩( f -1(T1 )   f -1(T2))  

    = (U  ∩( f -1(T1 ))   (U  ∩( f -1(T2 ) ) 

Since U is is  -open in X  , so U  ∩ f -1(T1 ) is -open 

in f -1(T1) . 

Also U  ∩ f -1(T2 )  is -open in  f -1(T2 ) . 

Now  , f(U) =  f [U ∩ f -1(T1 )   (U ∩f -1(T2 ) )]  

                   = f( U ∩ f -1(T1 ))  f(U ∩f -1(T2 ) ) 

Since f( U ∩ f -1(T1 )) is -open in T1 and f( U ∩ f -1(T2 

)) is -open in T2   ,  

So f( U ∩ f -1(T1 ))   f( U ∩ f -1(T2 )) is -open in Y . 

Theorem  2-15:  

If  f: (X , P1, P2) → ( Y , W1, W2 ) is onto function , let 

Y = T1  T2  be open cover of Y .let f
1T
: (f -1(T1) , P1, 

P2) → (T1 , W1, W2 ) and f
2T

:(f -1(T2) , P1, P2) → (T2 , 

W1, W2 ) are inductively  -open function , then f: (X , 

P1, P2) → ( Y , W1, W2 ) is also inductively  -open in 

function . 

Proof : 

Since f
1T
: (f -1(T1) , P1, P2) → (T1 , W1, W2 ) 

inductively is  -open in function , then there exists a 

subset  X1 f -1(T1)  such that f
1T
( X1) = f

1T
( f -1(T1)) = 

T1  and  

f
1T
X1: (X1 , P1, P2) → (T1, W1, W2 )is -open function. 

similarly f
2T

:(f -1(T2) , P1, P2) → (T2 , W1, W2 ) 

inductively  -open function , then there exists X2 f -

1(T2)  such that :. 

f
2T ( X2) = f

2T ( f -1(T2) )= T2  and f
2T X2: (X2 , P1, P2) 

→ (T2, W1, W2 ) is  -open function . 

now , to prove f: (X , P1, P2) → ( Y , W1, W2 ) is 

inductively  -open function . 

let X3  X , such that X3 =X1 X2  . 

we need to show that f(X3 ) = Y and fX3: (X3 , P1, P2) 

→ (Y, W1, W2 ) is  -open function . 

f(X3 ) = f(X1 X2  ) 

          = f(X1)  f(X2  ) 

f(X3 ) = T1  T2    = Y  

Now , let U3 be  -open set in X3 . 

Hence U3 ∩ X1 is  -open in X1 , and U3 ∩ X2 is  -

open in X2  . 

f(U3 ) = f(U3 ∩ X3 )  

          = f(U3 ∩ (X1 X2 )) = f ((U3 ∩ X1 )   (U3 ∩ 

X2 ))  = f (U3 ∩ X1 )   f(U3 ∩ X2 )  

Since f (U3 ∩ X1 ) is  -open in T1 , and f (U3 ∩ X2 ) is 

 -open in T2  . 

f (U3 ∩ X1 )   f(U3 ∩ X2 ) is  -open in Y . 

hence fX3: (X3 , P1, P2) → (Y, W1, W2 ) is  -open 

function  . 

there fore f: (X , P1, P2) → ( Y , W1, W2 ) is inductively 

 -open function . 

Theorem  2-16:  

Let  f: (X , P1, P2) be a function in bitopological space , 

X = U1  U2  with  f(U1) and f(U2) are closed in f(X) , 

if fU1: (U1 , P1, P2) → (Y, W1, W2 ) and  

fU2: (U2, P1, P2) → (Y, W1, W2 ) are inductively  -

open function , then  

f: (X , P1, P2) → ( Y , W1, W2 )  inductively  -open 

function . 

proof : 

fU1: (U1 , P1, P2) → (Y, W1, W2 ) inductively  -open 

function . 

then there exists  X1  U1  f(X1 ) = f(U1 ) and fX1: (X1 

, P1, P2) → (f(U1 ), W1, W2 ) is    -open function . 

also fU2: (U2 , P1, P2) → (Y, W1, W2 ) inductively  -

open function . 

then ,there  exists a subset X2  U2 ,such that f(X2 ) = 

f(U2 ) and  

fX2: (X2, P1, P2) → (f(U2 ) , W1, W2 ) is  -open 

function  . 

now , to show f: (X , P1, P2) → ( Y , W1, W2 ) 

inductively  -open function . 

let X* = X1 X2  X  

f(X* ) = f(X1 X2) = f(X1)  f(X2) = f (U1)  f(U2 ) = 

f (U1U2 )  

          = f(X )  

So f(X* ) = f(X) , and to show fX*: (X* , P1, P2) → 

(f(X), W1, W2 ) is  -open function . 

Let T  -open in X*  

T = T ∩ X* = T ∩ (X1  X2  ) = (T ∩X1 )  (T ∩ X2) 

f (T ) = f [(T ∩X1 )  (T ∩ X2  ) ]  

         = f (T ∩X1 ) f (T ∩ X2  ) 
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Since T  -open in X* , so T ∩ X1 is  -open in X1 and 

fX1: (X1 , P1, P2) → (f(U1 ), W1, W2 ) is    -open 

function . 

then f (T ∩X1 )  -open in f (U1) and f (U1) is closed in 

f(X) then f (U1) is  -open in 

f (X) , hence f (T ∩X1 )  -open in f(X) . 

similarly f (T ∩X2 ) is  -open in f(X)  

f(T) = f (T ∩X1 ) f (T ∩ X2  ) is  -open in f(X) fX*: 

(X* , P1, P2) → (f(X), W1, W2 ) is  -open function . 

there fore f: (X , P1, P2) → ( Y , W1, W2 ) inductively 

 -open function . 

Theorem  2-17 : 

If f: (X , P1, P2) → ( Y , W1, W2 )  is a function in 

bitopological space , X =

 U  with f(U  )  -open 

in f(X) , for each   , fU: (U   , P1, P2) → (Y, W1, 

W2 ) inductively  -open function , then f: (X , P1, P2) 

→ ( Y , W1, W2 )  also inductively  -open function . 

Proof :  

fUα: (U  , P1, P2) → (Y, W1, W2 ) inductively  -open 

function .  

then , there exists X  U  , such that f(X) = f(U  ) 

and 

fXα: (X  , P1, P2) → (f(U  ), W1, W2 )   -open 

function for each    . 

let X* = 

 X   be a subset of X . 

now ,to show f: (X , P1, P2) → ( Y , W1, W2 ) 

inductively  -open function . 

we need to show  f(X*) = f(X) and fX*: (X* , P1, P2) → 

(f(X) ,W1, W2 )  -open . 

f(X*) = f(

 X) =


  f(X) = 


  f(U  ) = f(


 U  ) 

= f(X) 

Now ,let T  -open in X* . 

 T = T ∩ X* = T ∩(

 X) = 


 (T ∩ X)  

f(T)=f (

 (T ∩ X) )  

since T ∩ X*  -open in X  and fXα: (X  , P1, P2) → 

(f(U  ), W1, W2 )   -open . 

then f(T ∩ X* )  -open in f(U  ) and since f(U  )  -

open in f(X) , for each    . 

then f(T) =

  f(T ∩ X)  -open in f(X) . 

so fX*: (X* , P1, P2) → (f(X) ,W1, W2 ) is -open . 

there fore f: (X , P1, P2) → ( Y , W1, W2 ) inductively 

 -open function . 
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 في الفضاء ثنائي التوبولوجي   دراسة الدالة المفتوحة  

 نادية علي ناظم  

 : الخلاصة
 (X , P1, P2 )     اذذ  هذذ ا احل ذذ   وجا ذذ  احلملتوذذ  احللفتاذذ   احفبتحذذتل يقدم هذذ ا احث ذذر ف جدذذ  لدجذذد حالملتوذذ  احللفتاذذ  اذذ  احل ذذ     ذذ-  ∂ 

 احلجفثط  فيه اسفقجا ي   واحلبجه  ت احلف اق  به ه احلتاضيع ودراس  ب ض احختاص  ∂  -وك احك احدوال احللفتا  ∂  -واحدوال احللفتا 


