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1. INTRODUCTION  
One of the best methods for solving ordinary differential 

equations (ODEs) numerically are the Runge-Kutta methods. 
Many methods were discovered from 1895 tell now. "The 
search for better methods is always up to time" [1]. Here we 
made a connection between the predictor corrector (PC) 
methods see[2,3], the Geometric mean (GM) formula and 
expanded "the front of computation" to have a new parallel 
method. "Evans, Introduced a new Runge-Kutta method used 
the Geometric mean (GM) formula [4]". We gathered those 
ideas by using the Implicit Runge-Kutta methods,which 
represented the backward form, from the Explicit Runge-Kutta 
methods which represented the forward form [5]. At last, we 
introduce the new parallel method namely (PPCGM1 method). 

1.1. Definition of the Computation Front 
"The computation front is the imaginary straight line that 

separates the values which are next to be computed (be 
numerical algorithms) from all previously computing value 
problems [6,7]". It is shown in figure1 bellow. 
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Fig.1: illustrates the definition above. 

2. METHODOLGY  
2.1. The Gm Method 
𝑢!"# − 𝑢! =

$
!
$∑ &𝑤%𝑤%"#!

%&# 	) …   (1) 

Where, 
𝑤% = 𝜙$𝑡! + 𝑟%ℎ% 	, 𝑢! + ℎ∑ 𝑠%'𝑤'%(#

'&# 	)		𝑖 = 1,2,3, … , 𝑛  … (2) 

Where 	𝑟% , 𝑠%' 	≥ 0 ,	ℎ% is the length of step, 𝑢! = 𝑢!(𝑡!) . 

If we regard  𝜙  as a function of only u. "this will 
considerably reduce the lengthy Taylor series expansions of   
𝑤%	, 𝑖 = 1,2, ,, 

So (2) becomes, 
𝑤% = 𝜙$	𝑢! + ℎ∑ 𝑠%'𝑤'%(#

'&# 	)		𝑖 = 1,2,3, … , 𝑛   [8]".  ….  (3) 
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2.2. The Ppcgm1 Method 
PPCGM1 calculates 		𝑢!"#

)   depended on  		𝑢!(#*   and 
calculates 		𝑢!	*  depended on  		𝑢!(#*   and 		𝑢!

)  , which has the 
form, 

𝑢!"#
) − 𝑢!(#* = 2ℎ(√𝑤#𝑤,)  … (4) 

𝑤# = 𝜙(𝑡!(#	, 	𝑢!(#* 	)  ,  𝑤, = 𝜙(𝑡!(# + 2ℎ	, 	𝑢!(#* + 2ℎ𝑤#	)   

And, 
𝑢!* − 	𝑢!(#* = ℎ	$&	𝐿#𝐿,	) … (5) 

𝐿# = 𝜙$𝑡!		, 	𝑢!	
) 	)   ,  𝐿, = 𝜙$𝑡! − ℎ	, 	𝑢!

) − ℎ𝐿#	) 
             

Process of PPCGM1 mode is shown in fig.2 where 	𝑢!	
)   is 

the predictor values, 𝑢!*  is the corrector values and the red line 
represents "the computation front". 

 
Fig. 2: PPCGM1 mode. 

Derivation of PPCGM1 Method 
The predictor part of Geometric mean second order, which 

has the form: 

𝑢!"#
) − 	𝑢!(#

) = 2	ℎ $&𝑎𝑤#𝑏𝑤,)... (6) 

𝑤# = 𝜙(	𝑢!(#* 	), 𝑤, = 𝜙(	𝑢!(#* + 𝛽ℎ𝑤#	) , where 𝑎, 𝑏, 𝛽 > 	0 
To derive (predictor part) of PPCGM1, expansion of  𝑤#	and 
𝑤, gives 

𝑤# = 𝜙(	𝑢!(#* 	) = 𝜙     

𝑤, = 𝜙(	𝑢!(#* + 𝛽ℎ𝑤#	) = 𝜙 + 𝛽ℎ𝑤#𝜙-!"#$ + 𝑜(ℎ,)  

Now, 
𝑎𝑏𝑤#𝑤, = 𝑎𝑏𝜙, + 𝑎𝑏𝛽ℎ𝜙,𝜙-!"#	$ + 𝑜(ℎ,) 

So, 

(𝑎𝑏𝑤#𝑤,)
#
,. = A𝑎𝑏𝜙, + 𝑎𝑏𝛽ℎ𝜙,𝜙-!"#	$ + 𝑜(ℎ,)B

#
,.   

																												= (𝑎𝑏)# ,. 𝜙 A1 + 	𝛽ℎ𝜙-!"#	$ + 𝑜(ℎ,)B
#
,.   

(𝑎𝑏𝑤#𝑤,)
#
,. = (𝑎𝑏)# ,. 𝜙 C1 +	/$

,
		𝜙-!"#$ + 𝑜(ℎ,)D ... (7) 

When substituting eq. (7) in (6), we obtain 

		𝑢!"#
) − 	𝑢!(#

) = 2(𝑎𝑏)# ,. 𝜙Eℎ +	/$
&

,
		𝜙-!"#$ + 𝑜(ℎ	0)F . (8) 

Compare the last eq. (8) with Taylor eq.[9] of the form, 
		𝑢!"# − 	𝑢!(# = 2ℎ𝜙 + ℎ,𝜙𝜙-!"# + 	𝑜(ℎ	

0) ... (9) 

We get, 
2(𝑎𝑏)# ,. = 2		, 𝛽 = 1  

Which are 2 equations and 3 parameters, that is mean 1 
freedom degree, by choosing  𝑎 = 1	 (since 𝑎	ϵ	(0, ∞)	)	then  
	𝑏 = 1	. 

Getting the system, 
𝑢!"#
) − 	𝑢!(#* = 2ℎ (√𝑤#𝑤,)... (10)                                                       

𝑤# = 𝜙(𝑡!(#	, 	𝑢!(#* 	)  ,  𝑤, = 𝜙(𝑡!(# + 2ℎ	, 	𝑢!(#* + 2ℎ𝑤#	) 

Now, the corrector part of PPCGM1 is from the backward 
technique, 
		𝑢!(#* − 	𝑢!* = −ℎ	(&𝑎𝐿#𝑏𝐿,		)... (11) 

and, 
𝐿# = 𝜙$		𝑢!	

) 	)    ,   𝐿, = 𝜙$		𝑢!
) − 𝛽ℎ𝐿#	)  

Now, by expanding 𝐿#  and 𝐿, , we get   
 𝐿# = 𝜙$		𝑢!	

) 	) = 𝜙 

𝐿, = 𝜙$		𝑢!
) − 𝛽ℎ𝐿#	) = 𝜙 − 𝛽ℎ𝜙𝜙-!' + 𝑜(ℎ

,)  

𝑎𝐿# = 𝑎𝜙  

𝑏𝐿, = 𝑏𝜙 − 𝑏𝛽ℎ𝜙𝜙-!' + 𝑜(ℎ
,)  

𝑎𝑏𝐿#𝐿, 		= 𝑎𝑏𝜙, 	− 𝑎𝑏𝛽ℎ𝜙,𝜙-!' + 𝑜(ℎ
,)		  

(𝑎𝑏𝐿#𝐿,)
#
,. = C𝑎𝑏𝜙, 	− 𝑎𝑏𝛽ℎ𝜙,𝜙-!' + 𝑜(ℎ

,)D
#
,.
  

																									= (𝑎𝑏)# ,. 𝜙C1 −	/$
,
		𝜙-!' + 𝑜(ℎ	

,)D ...  (12)  

Substitute (12) in (11), 
	𝑢!(#* − 	𝑢!* = −ℎ(𝑎𝑏)# ,. 𝜙 +	/$

&

,
		𝜙-!' + 𝑜(ℎ

	0) …(13)  
Compare eq. (13) with Taylor eq. of the form [9], 

𝑢!(# − 𝑢! = −ℎ𝜙 + $&

,
𝜙𝜙-! + 	𝑜(ℎ

	0) ……….. (14) 

We get,  
2(𝑎𝑏)# ,. = 2	, 𝛽 = 1   

Which is 2 equations with 3 parameters, so having 1 degree 
of freedom. 

Choosing  𝑏 = 1	then  𝑎 = 1  . 
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The corrector part of PPCGM1 has the form: 

		𝑢!* − 	𝑢!(#* = ℎ	(	&	𝐿#𝐿,		) … (15) 

𝐿# = 𝜙$𝑡!		, 	𝑢!	
) 	)  and  𝐿, = 𝜙$𝑡! − ℎ	, 	𝑢!

) − ℎ𝐿#	)                                

Equations (10) and (15) represent our PPCGM1 method, 
	𝑢!"#
)  represent predictor part and 	𝑢!	*  is the corrector part. 

2.3 Analysis of Ppcgm1 Stability 
Runge-Kutta methods have an important feature, that they 

are stable," if we take a suitable small step size h [10]".   

"We test the stability of Runge-Kutta methods by using the 
known test equation  �́� = 𝜆𝑢	[11,12]  where 𝜆 = 𝜕𝜙 𝜕𝑢⁄  is 
constant ".  

To test the stability of (the predictor part) for PPCGM1 
method which had the form, 

𝑢!"#
) − 𝑢!(#* = 2ℎ(√𝑤#𝑤,)                 

𝑤# = 𝜙(𝑡!(#	, 	𝑢!(#* 	)  ,  𝑤, = 𝜙(𝑡!(# + 2ℎ	, 	𝑢!(#* + 2ℎ𝑤#	) 

And to find the interval of absolute stability, we used "the 
test equation �́� = 𝜆𝑢 ", So, 

𝑤# = 𝜙(𝑡!(#	, 	𝑢!(#* 	) = 	𝜆	𝑢!(#*   ... (16) 

𝑤, = 𝜙(𝑡!(# + 2ℎ	, 	𝑢!(#* + 2ℎ𝑤#	) = 𝜆(	𝑢!(#* + 2ℎ𝜆	𝑢!(#* ) 
 ... (17) 

Equations (16) and (17) substituting in (10) we get, 

𝑢!"#
) − 𝑢!(#* = 2ℎ$(	𝜆	𝑢!(#* ) × (𝜆	𝑢!(#* + 2ℎ𝜆,	𝑢!(#* ))

#
,.   

𝑢!"#
) = 	𝑢!(#* + 2ℎ𝜆	𝑢!(#* (	1 + 2ℎ𝜆)# ,.  … (18) 

Dividing equation (18) by 	𝑢!(#*   and putting 𝑧 = ℎ	𝜆  we 
get, 

𝓋 = 		-!(#
'

	-!"#$ = 1 + 2𝑧(	1 + 2𝑧)# ,.  … (19) 

Equation (19) satisfies the condition of absolute stability if 
|𝓋| < 1 where 𝑧 satisfies the condition when 𝑧 𝜖 (-2,0) this 
interval is considered as the stability region of  PPCGM1. 

3. Test PPCGM1 in examples 
3.1 Example1 

We use the IVP example  �́� = −𝑡𝑢, , 𝑢 (0) = 2, and h= 
0.005, to test our PPCGM1 it is shown in table 1 below. 

Table 1: Results of PPCGM1 Method applied to example1 
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3.2. Example2 
We use the IVP example  �́� = (2𝑡 − 1)/𝑢, , 𝑢 (0) = 1, and 

h= 0.005, to test our PPCGM1 it is shown in table 2 below. 

Table 2: Results of PPCGM1 Method applied to example2 
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4. CONCLUSIONS  
We note that the results of our PPCGM1 method are 

acceptable when it comparing with the exact solution. With 
corresponding to the classical Arithmetical Runge-Kutta 
(ARK) method.  It has better stability by observing the results.  
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