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 In this paper, investigate the approximation of unbounded functions in weighted 
space, by using trigonometric polynomials considered. We introduced type of polynomials 
piecewise monotone (𝓺𝛋) having same local monotonicity as unbounded functions without 
affecting the order of huge error have a finite number of max. and min. unbounded 
functions that amount. In addition, we established not included any of extreme points of 
this functions,	χ  of and closed subset γ on closed intervals χ then there exist class of 
polynomials such that the best of approximation has high or order of 𝛃	and such that for 𝛋 
sufficiently great of the polynomials and functions have the same monotonicity at each of 
γ. 
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1. INTRODUCTION 

Let χ = [−π, π] be closed intervals,	L"	([−π, π])we 
can be define as the space of all bounded function on χ, with 
the norms.  

‖𝑓	‖$	 =	 	(ʃ%|𝑓(𝑡)	|$𝑑𝑡)
&
$ < ∞ 

Let Ꙍ(w) be the set of all weighted function on 𝟀, a 
weighted function can be written. The follows 𝑤 ∶ 	𝜒 ⟶ ℛ' 

such that	⃒	𝑓(𝑡)	⃒ ≤ 𝕄 𝑤(𝑡)⁄ , 𝑤 > 0,𝕄 ∈ ℛ', w(t) 	∈
Ꙍ(w) and 𝐿$,)([−𝜋, 𝜋]),  is the space of all unbounded 
functions on χ, which are equipped the norms. 

‖𝑓	‖$,) =	 	(ʃ%|𝑓(𝑡). 𝑤(𝑡)	|$𝑑𝑡)
&
$ < ∞ 

Let 𝕋*		be the set Which contains any polynomials of 
degree less than or equal to κ. 
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Let [𝒶, b] be a compact interval and 𝑓 ∶ 	 [𝒶, 𝑏] ⟶ ℛ' 
a function, f is piecewise monotone if and only if there exists a 
partition  𝒶 = t& < t+ < t, < ⋯⋯⋯ < t- = b, on [𝒶, b] and 
𝒶, b will be called the topes of 𝑓, such that 𝑓𝒾	 = 𝑓	|(0𝒾"#,0𝒾)	is 
monotone for all 𝒾 = 1,2………𝜅 − 1.  

The aim of this paper is discuss piecewise monotone 
approximation of unbounded functions in weighted space 
by some types of efficient polynomials. An example[1], [2] 
and [3]. The strongest results are by [4], [5], [6] and [7]. In 
2011, kopotun [8], introduce the point wise shape which 
preserving approximation of function by algebraic 
polynomials. In fact Dzyubenko [9] and Leviatan [10] have 
obtain  interpolatory estimates in monotone piecewise 
polynomial approximation and both of them shown good 
result in monotone approximation. 
So, we can define the operator as: 
𝙶*(t) =

&
𝚐$
V345*6 +⁄
345	6 +8

W	9; Where   𝚐* = ∫ (345*6 +⁄
3456 +8

	)9dt:
;: .  

And  κ, ≤	𝚐* ≤ 2πκ, . 
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2. Auxiliary Lemmas  
Lemma 2.1. The operator 𝙶*(t) has the following properties:  

(i)  If 𝜅 is even, 0 < β ≤ π , then 

∫ 	𝙶*(t)	dt
:
;: ≤ ∫ 𝙶*(t)dt

<
=  . 

(ii) if, 0 < β ≤ π
2\  , then 

∫ 	𝙶*(t)	dt
:
< ≤	 ∁

*%<%
 . 

Where ∁ is positive constant of real numbers. 

Proof: (i) We take  0 < β ≤ π
	2\  ; 

 𝙶*(t) is an even periodic and we have  

∫ 	𝙶*(t)	dt
:'<
: = ∫ 𝙶*(t)	dt

:
:;<  .  

 
So ,  ∫ [	𝙶*(t) − 𝙶*(t + π)]	dt

<
= 	= ∫ 	𝙶*(t)	dt

<
= −

∫ 𝙶*(t)	dt
:;'<
:        …. (2.1)  

Also,   if   π 2\ < β ≤ π, Then 

	∫ 	𝙶*(t)	dt
<
= − ∫ 𝙶*(t)dt

:	
:;< = ∫ 	𝙶*(t)dt

:;<
= −

∫ 𝙶*(t)dt
:	
<    …. (2.2) 

From (2.1) and (2.2) we obtain  

∫ 	𝙶*(t)	dt
:
;: 	≤ ∫ 𝙶*(t)	dt

<
= . 

(ii) Let   0 < β ≤ π
2\  . Then, since  κ, ≤	𝚐* ≤ 2πκ,.  

So, ∫ 𝙶*(t)	dt
:	
< ≤ &

*% ∫ (345*6 +⁄
3456 +8

	)9dt:
	< ≤ &

*% ∫ 	 &
	(3456 +8 )&

dt:
	< .  

Now, for   0 < t ≤ π.		sin t 2\ ≥ t 2⁄ , hence  

∫ 𝙶*(t)	dt
:	
< ≤ :&

*% ∫
&
6&

:
< dt = :&

,*%
[;&
:&
+ &

<%
] ≤ ∁

*%	<%	
 

And this lemma is proving.  

 
3. Main results 
Theorem 3.1 : 

Let t ∊	[−𝜋, 𝜋], 𝑓	 ∈ 	 𝐿?,)([−𝜋, 𝜋]), 1 ≤ 𝑃 < ∞ Periodic 
function. Then there exist trigonometric polynomial 𝓆* of 
order leas than or equal to κ, such that  
‖f −	𝓆*‖",@ ≤

𝒞
*	
	 , where 𝒞 is positive constant. 

Proof. we can choose 𝓆*(t) = 𝓆*(t + 2κπ), κ = 1,2…….	and 

𝓆*(t) = ∫ 	𝙶*(𝒷)f(t − 𝒷)	d𝒷
:
;: 	 

 Since f Periodic function, we have  

 𝓆*(t) = ∫ 	𝙶*(𝒷)f(t − 𝒷)	d𝒷
:
;: 	= ∫ 	𝙶*(𝒷)f(t − 𝒷)d𝒷 −6

6;:

	∫ 	𝙶*(𝒷)f(t − 𝒷)	d𝒷
6':
6 	 

 So, 

 𝓆*	́ (t) 	= ∫ 	𝙶*(𝒷)d𝒷 − πf(t − π) −	∫ 	𝙶*(𝒷)	d𝒷 −6':
6

6
6;:

πf(t + π)	  

 = ∫ 	𝙶*(𝒷)d𝒷	 −	∫ 	𝙶*(𝒷)	d𝒷	
6':
6 	6

6;:  

 We can take 0 < t ≤ π, and 𝙶*(𝒷) is an periodicity. From 

Lemma 2.1, we obtain  

 𝓆*	́ (t) 	= 2∫ 	𝙶*(𝒷)d𝒷	 − 	2	 ∫ 	𝙶*(𝒷)	d𝒷	
	:
:;6 	6

=  

Since,        2∫ 	𝙶*(𝒷)d𝒷	 ≥ 	2	 ∫ 	𝙶*(𝒷)	d𝒷	
	:
:;6 	6

=   

         Implies       𝓆*	́ (t) 	≥ 0  

Also, for −π < t ≤ 0 , we obtained 𝓆*	́ (t) 	≤ 0, 𝓆*(t) non-

negative and,  

|𝓆* − f|  ≥ 0,   implies ‖𝓆* − 	f‖B,@ ≤
𝒞
*	

.  

Theorem 3.2:  
 Let	𝓆*(t) be a monotone function in 𝐿?,) kl−

C
+
, C
+
mn. Then 

there exist a piecewise linear operator Ƒ, such that  
‖𝓆D − 	Ƒ‖$,) ≤

𝒞
D	
	𝑀𝑎𝑥(Ƒ), where 𝒞 is positive 

constant. 
Proof. Let − C

+
= 𝑡& < 𝑡+ < 𝑡, < ⋯⋯⋯ < 𝑡E =

C
+
  

We need to make the 𝓆D 	 ∈ 𝕋E	, such that satisfying 	 

‖𝓆D − 	Ƒ‖$,) ≤
𝒞
𝜅	 	𝑀𝑎𝑥(Ƒ) 

Let 𝓀= =
$('$)"#

+
, 𝓀𝒾 =

$𝒾;$𝒾"#
+

	 ; For 𝒾 = 1,2…… . , 𝜅 − 1. 

 Thus,	 

Ƒ(𝑡) = 	Ҡ +

∑ 𝓀𝒾D;&
𝒾 ⃒𝑡 − 𝑠𝒾⃒  

 … (3.1) 

Where − C
+
= 𝑠& < 𝑠+ < 𝑠, < ⋯⋯⋯ < 𝑠E =

C
+
  and Ҡ is 

constant.  

Let 𝓆 be defined by theorem (1) and, let  

𝓆*(t) = Ҡ +

	∑ 𝓀𝒾*;&	
𝒾F= 𝓆(t − s𝒾)	  

 … (3.2) 

Where𝓆* 	 ∈ 𝕋-	 . So, from (3.1), and (3.2), we get   

 ‖𝓆* − 	Ƒ‖B,@ ≤
𝒞
*	
	Max⃒	 ∑ 𝓀𝒾*;&	

𝒾F= ⃒	 ≤ 𝒞
*	
	Max(p𝒾) =

𝒞
*	
	Max(Ƒ).  

Theorem 3.3:  



P- ISSN  1991-8941   E-ISSN 2706-6703           Journal of University of Anbar for Pure Science (JUAPS)     Open Access                                                     
2022,16 ( 1 ) : 65 -68                                 

67 
 

Let	𝑓	 ∈ 	 𝐿?,) kl−
C
+
, C
+
mn , 1 ≤ 𝑃 < ∞ and C is positive 

constant independent of 𝒌.Then there. exist a monotone 
function < 𝓆* >, 𝓆* 	 ∈ 𝕋-	 such that  

‖𝑓 −	𝓆D‖?,) ≤
GHI(J)

D	
. 

Where 𝑓 is the proper  piecewise monotone functions. 
 

Proof. Let Ƒ- be the proper piecewise linear operator define 

on l− C
+
, C
+
m,such that its has nodes at the topes of the function f 

at the points − C
+
+ KC

E
, for 𝒾 = 0,1,2…… . , κ	,  and  ƑE(𝑡) =

𝑓(𝑡), since  ‖ƑD − 	𝑓‖?,) ≤
𝒞#
D	

,  

where 𝒞 is positive constant and Max(Ƒ) ≤ 𝒞#
D	

. By using 

theorem (2), there is a Polynomial   𝓆D 	 ∈ 𝕋E	 such that  

‖ƑD − 𝓆D‖$,) ≤
𝒞+
𝜅	 . 

We need to prove that  

‖𝑓 −	𝓆D‖$,) ≤
GHI(J)

D	
. 

So,  

     ‖𝑓 −	𝓆D‖?,) =	 	(ʃ%|[𝑓(𝑡) − 𝓆D(𝑡)]. 𝑤(𝑡)|$𝑑𝑡)
#
*= 

 

	(ʃ%|[𝑓(𝑡) − ƑE(𝑡) + ƑE(𝑡) − 𝓆D(𝑡)]. 𝑤(𝑡)|$𝑑𝑡)
#
*  

 ≤	 	(ʃ%|[𝑓(𝑡) − ƑE(𝑡)]. 𝑤(𝑡)|$𝑑𝑡)
#
* +	 	(ʃ%|[ƑE(𝑡) −

𝓆D(𝑡)]. 𝑤(𝑡)|$𝑑𝑡)
#
*	 

≤ 𝑀𝑎𝑥	[	(ʃ%|[𝑓(𝑡) − ƑE(𝑡)]. 𝑤(𝑡)|$	𝑑𝑡)
#
* +

		(ʃ%|[ƑE(𝑡) − 𝓆D(𝑡)]. 𝑤(𝑡)|$𝑑𝑡)
#
*] 

≤ 𝑀𝑎𝑥		(ʃ%|[𝑓(𝑡) − ƑE(𝑡)]. 𝑤(𝑡)|$	𝑑𝑡)
&
$

+𝑀𝑎𝑥		(ʃ%|[ƑE(𝑡) − 𝓆D(𝑡)]. 𝑤(𝑡)|	$𝑑𝑡)
&
$ 

											≤ 𝑀𝑎𝑥(𝒞) ‖ƑD − 	𝑓‖?,) +𝑀𝑎𝑥(𝒞)‖ƑD − 𝓆D‖$,)	 

≤	
𝑀𝑎𝑥(𝒞&	)

𝜅	 +	
𝑀𝑎𝑥(𝒞+)

𝜅	  

             ≤	GHI(J)
E

. 

Theorem 3.4 :  
Let 𝑓	 ∈ 	 𝐿?,)([𝒶, 𝑏]), 1 ≤ 𝑃 < ∞. Then there exist a 

nearly monotone operator  
< 𝓅D >, 𝓅D 	 ∈ ℙE	 such that   

‖𝓅D − 𝑓‖$,) ≤
𝒞
D	
	𝑀𝑎𝑥(Ƒ).  

Where f is the proper piecewise monotone on [𝒶, 𝑏].  
 
Proof:  The proof of this theorem by using the operator 

𝓆*(t) = 	 cos(t) with some modification. Of theorem 3.3 
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 نوزوملا ءاضفلا يف ةدیقم ریغلا لاودلل عطقتملا بیترلا بیرقتلا لضفأ
 2يدیھم دیمح ناطلس   1داوع ناندع ءلاع  

 قارعلا ، يدامر ، رابنلاا ةعماج ، ةفرصلا مولعلل ةیبرتلا ةیلك ،تایضایرلا مسق1
 قارعلا ، يدامر، رابنلاا ةعماج ، ةفرصلا مولعلل ةیبرتلا ةیلك ،تایضایرلا مسق 2

 :ةصلاخلا
 ریغلا لاودلل ةیعقوملا ةباترلا سفن اھل يتلاو ةعطقتملا ةبیترلا تاددعتملا نم عون مدقنو ةیثلثم تاددعتم ةطساوب نوزولا ءاضفلا لاودلا بیرقت ضرعنس ثحبلا اذھ يف

 ةرتفلل ةقلغملا ةیئزجلا تارتفلا يف لاودلا هذھل ةفرطتملا طاقنلا نیمضت مدع كلذ ىلا ةفاضا ایندلاو ایلعلا دودحلا نم يھتنملا ددعلا اھل نوكی يتلاو ریبكلا اطخلا ریثات نود ةدیقم
 سفن تاددعتملاو لاودلا هذھل نوكی )ك( يلا نوكی ثحیب اتیب ةبتر نم بیرقت  لضفأ ىلع لصحن اھللاخ نم دودحلا  تاددعتم نم ةئف انل دلوتیس فوس اذل ةقلغملا ةیساسلاا
  .ةباترلا

 


