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 The purpose of this paper is to discuss the degree of best monotone multi- 
approximation of unbounded functions weighted space in terms the modules of smoothness 
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1. INTRODUCTION 

Many authors studied the problem of best monotone 
approximation for functions and operators in normed space 
also in metric space (cf.[1 ] ,[2],[3],[4],[5] and [6]). 
The monotone approximation of periodic bounded functions 
by linear operatory was obtained by 
([7],[8],[9],[10],[11],[12],[13] and [14]) . 
Let X= [−1,1] , 𝐿!,#([−1,1]) be the space , 1 ≤
𝑝 < ∞ of all unbounded functions with one 
variable and the norm given by  

‖𝑓‖!,# = (0 (|𝑓(𝑡)𝑤(𝑡)|!𝑑𝑡)
$
! < ∞

%$

$
 

Where 𝑤(𝑡) > 0 is calledweight function belong the set W of 
all weight functions . 
For k=1,2,. . . . . . the k-modulus of smoothness of the function 
𝑓 ∈ 𝐿!,#([−1,1]) is define by 
𝜔& 9𝑓,

$
'
: = 𝑆𝑢𝑏|)|*!"

>∆)&𝑓(. )>!,#	, 𝑛 ∈ ℕ, where 

 

∆)&𝑓(𝑡) = ∑ (−1)&+,&
,-. 	E				𝑘 	

𝑗 	H 	𝑓(𝑥 + 𝑗ℎ), such that  

∆)&𝑓(𝑡) is called k-th difference of  𝑓  at point 𝑡		 with in 
quantity h . And the for ∆)&𝑓(𝑡) is define on real numbers 
denote by ℙ' the set of algebraic polynomials of degree k and 
there 𝐸&(𝑓		,

$
'
)!,# be the best approximation of		𝑓 ∈

𝐿!,#([−1,1]) by algebraic polynomials of  ℙ' 
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.   i.e 
											𝐸& 9𝑓,

$
'
:
!,#

= 𝑖𝑛𝑓!"∈ℙ"O‖𝑓 − 𝑝'‖!,#P. 

	
Let d is natural numbers and the space 𝐿!,#([−1,1]2)	 of all 
unbounded functions of malti-variables , with 𝑓 ∈
𝐿!,#([−1,1])2	, given norm by  

‖𝑓‖	!,#,([%$,$])# = 9∫ |𝑓(𝑡)𝑤(𝑡)|!𝑑𝑡	
([%$,$])# :

!
$ < ∞,		1 ≤ 𝑝 <

∞		 and 
𝑡 ∈ ([−1,1])2			.  

2. Auxiliary lemmas  
We will prove of the lemmas that we need our main 

results in next section. 
Lemma 2.1 : 
 Let𝑓 ∈ 𝐿!,#([−1,1]2), 1 ≤ 𝑝 < ∞, 𝑘 ∈ ℕ	, 𝛿 > 0. Then        
       																			𝜔&(𝑓, 𝛿)!,#,([%$,$])# ≥ 0. 
Proof:    
We have  
     𝜔&(𝑓, 𝛿)!,#,([%$,$]#) = sup

|)|78
Z>∆)	& 𝑓(	. )>!,#([%$,$])#,	[ 

                            =
sup
|)|78

	 Z	>∑ (−1)&%9&
9-. 	\&9]𝑓(	. +𝑖ℎ)>!,#,([%$,$]#)	[, 

                              since  
	>∑ (−1)&%9&

9-. 	\&9]𝑓(	. +𝑖ℎ)>!,#([%$,$]#) ≥ 0, 
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                  implies 	>∆)	& 𝑓(	. )>!,#([%$,$]#) ≥ 0. 

                    Hence  	 sup
|)|78

Z>∆)	& 𝑓(	. )>!,#,([%$,$]#)	[ ≥ 0 

																																𝜔&(𝑓, 𝛿)!,#,([%$,$]#) 	≥ 0.                                                 
Lemma 2.2: 
 Let	Let𝑓 ∈ 𝐿!,#([−1,1]2),				1 ≤ 𝑝 < ∞, 𝑘 ∈ ℕ	𝑎𝑛𝑑	𝛿 > 0. 
Then:  
                        𝜔&(𝑓, 𝛿)!,#,([%$,$]#) 	→ 0			𝑎𝑠		𝛿 → 0. 
Proof:  
Let 𝛿 = $

'
  
𝜔&(𝑓, 𝛿)!,#,([%$,$]#)

=	𝜔& E𝑓,
1
𝑛H!,#,([%$,$]#)

																																							 

=		 sup
|)|7$'

Z>∆)	& 𝑓(	. )>!,#,([%$,$]#)[ 

                                     = sup
|)|7!"

Z>∆)	&%$∆)	$ 𝑓(	. )>!,#,([%$,$]#)[ 

                                     = sup
|)|7!"

ab∆)	&%$ c𝑓(	. ) −

𝑓(	. + $
'
	)db

!,#,([%$,$]#)
e . 

If  𝑛 → ∞ then  $
'
	→ 0     	

= sup
|)|7!"

Z>∆)	&%$[𝑓(	. ) − 𝑓(	. )]>!,#,([%$,$]#)	[  

= sup
|)|7!"

Z>∆)	&%$. [0]>!,#,([%$,$]#)	[  

   = sup
|)|7!"

	‖0‖!,#,([%$,$]#) = 0.   

Lemma2.3: 
 Let	𝑓, 𝑔 ∈ 𝐿!,#([−1,1]2), 1 ≤ 𝑝 < ∞, 𝑘 ∈ ℕ	and	𝛿 > 0. 
Then 
𝜔&(𝑓 + 𝑔, 𝛿)!,#,([%$,$]#) 	≤	 𝜔&(𝑓, 𝛿)!,#,([%$,$]#) +
	𝜔&(𝑔, 𝛿)!,#,([%$,$]#) . 
 Proof: 

			𝜔&(𝑓 + 𝑔, 𝛿)!,#,([%$,$]#)																																						 

= sup
|)|78

Z>∆)	& (𝑓 + 𝑔)(	. )>!,#,([%$,$]#)[  

= sup
|)|78

Z>∆)	& 𝑓(	. ) +	∆)	& 𝑔(	. )>!,#,([%$,$]#)	[  

				≤ 		 sup
|)|78

Z>∆)	& 𝑓(	. )>!,#,([%$,$]#) +		>∆)	
& 𝑔(	. )>

!,#,([%$,$]#)
[  

                                 =	 sup
|)|78

Z>∆)	& 𝑓(	. )>!,#,([%$,$]#)[ +

	 sup
|)|78

	Z>∆)	& 𝑔(	. )>!,#,([%$,$]#)[ 

 =	𝜔&(𝑓, 𝛿)!,#,([%$,$]#) +	𝜔&(𝑔, 𝛿)!,#,([%$,$]#). 
Lemma 2.4: 
 Let	𝑓 ∈ 𝐿!,#([−1,1]2), 1 ≤ 𝑝 < ∞, 𝑘 ∈ ℕ	and	𝛿, 𝑐 > 0. 
Then: 																			𝜔&(𝑓, 𝑐𝛿)!,#,([%$,$]#) 	≤
𝑐&𝜔&(𝑓, 𝛿)!,#,([%$,$]#).				  
Proof: 

													𝜔&(𝑓, 𝑐𝛿)!,#,([%$,$]#) =	 sup|)|7:8
	Z>∆)	& 𝑓(	. )>!,#,([%$,$]#)	[ 

≤	 sup
|)|7:8

Z>∆:8	& 𝑓(	. )>
!,#,([%$,$]#)

	[ 

                                    =	 sup
|)|7:8

Z‖(𝑐𝛿)&	𝐷&𝑓(	. )‖!,#,([%$,$]#)[	 

                                    =	𝑐& sup
|)|7:8

Z‖𝛿&	𝐷&𝑓(	. )‖!,#,([%$,$]#)[ 

=	𝑐& sup
|)|7:8

Z>∆8	& 𝑓(	. )>!,#,([%$,$]#)[ 

																																								= 	 𝑐&𝜔&(	𝑓	, 𝛿)!,#,([%$,$]#).				    
Lemma 2.5: 
 Let	𝑓 ∈ 𝐿!,#([−1,1]2), 1 ≤ 𝑝 < ∞	and	𝑘 ∈ ℕ. Then:   
  	𝜔&(𝑓, 𝛿$)!,#,([%$,$]#) 	≤ 	𝜔&(𝑓, 𝛿;)!,#,([%$,$]#)		for	every				 	

𝛿$ ≤	𝛿;, 	𝛿$, 𝛿; > 0. 
Proof:  	
 𝜔&(𝑓, 𝛿$)!,#,([%$,$]#) =	 sup|)|78!

Z>∆)	& 𝑓(	. )>!,#,([%$,$]#)[ 

                               ≤
	 sup
|)|78%

Z>∆)	& 𝑓(	. )>!,#,([%$,$]#)[ 	since	𝛿$ ≤	𝛿;  

                                                =	𝜔&(𝑓, 𝛿;)!,#,([%$,$]#).  
Lemma 2.6: 
 Let	𝑓, 𝑓s ∈ 𝐿!,#([−1,1]2), 1 ≤ 𝑝 < ∞, 𝑘 ∈ ℕ	and	ℎ > 0. 
Then   𝜔&(𝑓, ℎ)!!,#,([%$,$]#) 	≤
)
;
	𝜔&%$\𝑓s, ℎ]!,#,([%$,$]#)			where		𝑓

s is the first derivative of 
the function f . 
Proof: 
      We have   ∆)	& 𝑓(𝑥) = 	∆)	&%$(∆)	$ 𝑓(𝑥)) 
                        =	∆)	&%$	[	𝑓(𝑥 + ℎ) − 𝑓(𝑥 − ℎ)] 

>∆)	& 𝑓(	. )>!,#,([%$,$]#)
=	>	∆)	&%$	[	𝑓(	. +ℎ)
− 𝑓(	. −ℎ)]	>

!,#,([%$,$]#)
 

                 = >	∆)	&%$	[	𝑓(	. +ℎ) − 𝑓(	. ) + 𝑓(	. ) −
𝑓(	. −ℎ)]	>

!,#,([%$,$]#)
 

         = >∆)	&%$	[	𝑓(	. +ℎ) − 𝑓(	. )] −	∆)	&%$	[𝑓(	. −ℎ) −
𝑓(	. )]>

!,#,([%$,$]#)
 

=	vv	∆)	&%$0𝑓s	(	. +𝐿)𝑑𝐿 − ∆)	&%$0 	𝑓s	(	. −𝐿	)𝑑𝐿	

)
<

.

)
<

.
vv

!,#,([%$,$]#)

 

≤	0>	∆)	&%$	w	𝑓s	(	. +𝐿) −	𝑓s	(	. −𝐿	)x	>!,#,([%$,$]#)

)
<

.

𝑑𝐿	 

≤	0𝜔&%$\	𝑓s, 𝛿	]!,#

)
<

.

𝑑𝐿	 ≤ 	
ℎ
2𝜔&%$\	𝑓

s, 𝛿	]
!,#,([%$,$]#)

	. 

Lemma 2.7 : [15] 
Let 𝑓  be a bounded function that is measurable on the interval 
[a,b] such that 𝑎, 𝑏	 ∈ ℝ. Then 
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 ∫ 𝑓	(𝑥)𝑑𝑥
=	
> 	≅ ∑ . 𝑐	9 	𝑓(𝑥9)'

9-$ , where 𝑥9 = 𝑎 + 𝑖ℎ. 

3. Main Results 
In this section we prove our results by some types of 

linear operators to obtain the best monotone multi 
approximation of unbounded functions in weighted space.  
Theorem 3.1 : Let 𝑓 ∈ 𝐿!,#([−1,1]2) , 1 ≤ 𝑝 < ∞ and 
define the operator 

𝐿'(𝑓, 𝑡) = 	 (Ω)
$
' 	0 ….		0 		𝑓(𝑡 + 𝑡$ +⋯

	

[%$,$]#

	

[%$,$]#

+	𝑡&)𝑑𝑡			,			 Ω =
1
𝑘 	𝑇ℎ𝑒𝑛 

𝑖 − 			𝐿'(𝑓, 𝑡) ≥ 0	. 

𝑖𝑖 − ||	𝐿'(𝑓, 𝑡)	&	|	|!,#,([%$,$]#) ≤ 𝐶&$𝜔		 E𝑓,
1
𝑛H!,#,([%$,$]#)

. 

𝑖𝑖𝑖 − ||𝑓 − 	𝐿'(𝑓, 𝛼)	!,#	|	|!,#,([%$,$]#)

≤ 𝐶&;𝜔		 E𝑓,
1
𝑛H!,#,([%$,$]#)

. 

𝑖𝑣 −	 ||𝑓 − 	𝐿'(𝑓, 𝛼)	!,#	|	|!,#,([%$,$]#)

≤ 𝐶&?𝜔		 E𝑓@,
1
𝑛H!,#,([%$,$]#)

. 

Proof : 

𝑖 −	𝐿'(𝑓, 𝑡) = 	 (Ω)
$
' 	0 ….		0 		𝑓(𝑡 + 𝑡$ +⋯

	

[%$,$]#

	

[%$,$]#

+	𝑡&)𝑑𝑡 

	0 ….		0 		𝑓(𝑡 + 𝑡$ +⋯+	𝑡&)𝑑𝑡	 ≥	.
	

[%$,$]#

	

[%$,$]#
 

Thus,								𝐿'(𝑓, 𝑡) ≥ 0 

𝑖𝑖 −	𝐿'(𝑓, 𝑡) = 	 (Ω)
$
' 	0 ….		0 		𝑓(𝑡 + 𝑡$ +⋯+	𝑡&)𝑑𝑡

	

A

	

A
 

													||	𝐿'(𝑓, 𝑡)|	|	!,#,([%$,$]#)
≤ 				||	𝐿'(𝑓, 𝑡) − 𝑔(𝑡) + 𝑔(𝑡)|	|	!,#,([%$,$]#) 

≤ 				|	|𝐿'(𝑓, 𝑡) − 𝑔(𝑡)|	|	!,#,([%$,$]#) 		+ ‖𝑔(𝑡)‖!,#,([%$,$]#) 
≤ 𝑀𝑎𝑥	(𝑐)					||	∆8$𝑓(𝑡)	|	|!,#,([%$,$]#) 

≤ 𝑀𝑎𝑥	(𝑐)			𝑆𝑢𝑝		||	∆8$𝑓(𝑡)	|	|!,#,([%$,$]#) 

≤ 𝑀𝑎𝑥	(𝐶)			𝜔			(𝑓,
1
𝑛)		!,#,([%$,$]#) 

𝑖𝑖𝑖 − ||𝑓 − 	𝐿'(𝑓, 𝛼)|	|	!,#,([%$,$]#)

= (0 |
	

B
𝑓(B) −		𝐿'	(𝑓	)	𝑤(𝑥)|	!	𝑑𝑥)	

$
!	 

										≤ 𝑆𝑢𝑝	(0 |
	

B
𝑓(B) −		𝐿'	(𝑓	)	𝑤(𝑥)|	𝑃𝑑𝑥)	

$
!

	
=	 

≤ 			𝐶	&;	𝑆𝑢𝑝		(>∆	8$𝑓(.)>	!,#,([%$,$]#)		 

≤ 			𝐶	&;	𝜔		(𝑓,
1
𝑛)	!,#,([%$,$]#)	

 

iv- from (iii)  by clear 

									||𝑓 − 	𝐿'(𝑓)|	|	!,#,([%$,$]#) ≤ 			𝐶&;		𝜔		(𝑓,
1
𝑛)	!,#,([%$,$]#)	

 

from lemma	(	2.6			)  

										||𝑓 − 	𝐿'(𝑓)|	|	!,#,([%$,$]#) ≤ 			𝐶&?		𝜔		(𝑓′,
1
𝑛)	!,#,([%$,$]#)	

 

Theorem 3.2 : Let 𝑓 ∈ 𝐿!,#([−1,1]2) , 1 ≤ 𝑝 < ∞ and there 
exist class of algebraic Polynomials {𝐺	&}	&-$'  satisfies 

0𝐺	&(𝑥)	𝑑𝑥
	

B
= 1 

‖𝐺&‖	!,#	 ≤	𝐶&		, 𝑊ℎ𝑒𝑟𝑒	𝐶&	𝑖𝑠	𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒	𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡	,	 

𝑖𝑓			𝑓			𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠	𝑇ℎ𝑒𝑜𝑟𝑒𝑚 3.1 

𝜆 = 𝑓'(𝑓, 𝛿)				,			𝛿 =
$
'
		and     𝐶𝑓	' =	∫ 𝜆(𝑥)𝐺&(𝑦 −

!
%
%!%

𝑥)𝑑𝑥	.			𝑇ℎ𝑒𝑛 

1-   ‖𝑓 − 𝑓∗‖	!,#,([%$,$]#)				 ≤	𝐶&	𝜔&	(𝑓, 𝛿)	!,#	 
1- ‖𝑓 − 𝑓∗‖	!,#,([%$,$]#)		 ≤	𝐶&	𝜔&(𝑓′, 𝛿)	!,# 
Proof : 

Let 𝐺	& =	𝐺&+$ = ⋯ =	𝐺<&%$ =	
$
;
					 , 𝑛 ≥ 2𝑘	,	 

Let 𝐺	<'%<&(𝑥) = 	𝐶' �(𝑝;'(𝑥) 	 𝑥; − 𝑡$,;'; 	� )…\𝑥; −

𝑡&,;'; ]	� 	;……(1) 

Where 𝑃	;'		𝑖s algebriac Polynomial of degree 2𝑛  
and			𝑡$,;'	, … , 𝑡',;'	 are its positive Zeros in creasing order. 
Define the remaining 𝐺	' with the relation 

 𝐺	<'+$ = 	𝐺	<'+; = 𝐺	<'+? = 	𝐺	<'			,						𝑛 ≥ 𝑘  

We have 
𝐶	$	𝑛%$ ≤	 𝑡$,;'	 ≤ ⋯	≤ 	 𝑡&,;' 	≤ 𝐶;	𝑛%$	,

𝑛 > 𝑘…… . (2) 

By using ‖𝑃'‖	!,# = 1 

Let last equality being a consequence of starlings formula 
(1)and(2) to gather  imply 

𝐺	<'%<&(0) ≥ 𝐶	𝑐'	𝑛<&%$		, 𝑛 ≥ 2𝑘	……………(3)  

Write 

1 = 	0 𝐺	<'%<&(𝑥)	𝑑𝑥 = 	 � 𝐵&	(2𝑛 + 1)𝐺	<'%<&(𝑡&,;'+$)
'

&-%'

$

%$
 

Where 𝐵&	(2𝑛 + 1) are the weights of Gaussian 
quadrature formula  , exact for Polynomials of degree 4n+1 , 
with nodes The zeros of the Legendre of degree 2n+1 
Therefore 

1 ≥ 𝐵.	(2𝑛 + 1)𝐺	<'%<&(0) 

Since  𝐵.	(2𝑛 + 1) 	= 	𝜋(1 + 0(1)) 	 	⁄ (2𝑛 + 1) 

Then 𝐺	<'%<&(0) ≤
𝐶. 𝑛…………………………………… . . (4)		 
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From (3) and (4) imply 𝐶' ≤	𝐶';%<&  

By using The definition of the 𝐺'	  and (2) implies 

‖𝐺	'‖	!,#,([%$,$]#) 	≤ 𝐶	';%<&	 
Again let 𝑛 ≥
2𝑘	𝑋;&	𝐺	<'%<&(𝑥)	𝑖𝑠	𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙	𝑜𝑓	𝑑𝑒𝑔𝑟𝑒𝑒	4𝑛 − 2𝑘 

Therefore for  𝑖 = 1	,2	, . . . . . . . . . , 𝑘 

𝐻𝑖 = 0 𝑎;9
$

%$
	𝐺	<'%<&	(𝑥)𝑑𝑥

= 2	�𝑏,,;';9 	𝐵,(2𝑛)𝐺<'%<&	\𝑏,,;']
	
 

Where 𝐵,(2𝑛) are the weights of the Gaussian 
quadrature formula , exact for polynomials of degree  4n-1 , 
with nodes The zeros of the Legendre polynomial of degree 
2n . 
Since 𝐺<'%<& has zeros at 𝑡&+$	,			;'	, … ..		 , 𝑡'	,;'	 

Then 𝐻𝑖 = 2	∑ 𝑡,,;';9 	𝐵, 	(2𝑛)	𝐺<'%<&	(𝑡,,;')	&
,-$  

Since 𝐺<'%<&	ℎ𝑎𝑠	𝑎𝑙𝑜𝑐𝑎𝑙	𝑚𝑎𝑥𝑖𝑚𝑢𝑚	𝑜𝑛	w– 𝑡&+$	,;'	,			𝑡&+$	,;'x	 

At zero. Then 
𝐵,(2𝑛) 	≤

𝜋
2𝑛	\1 + 0

(1)]	, 𝑗 = 1,2, … . . , 𝑘 

From (2) and (4)  

The definition of the 𝐺'$	imply 

0 𝑥;9 	𝐺'	(𝑥)𝑑𝑥	 ≤ 𝐶	'%;9 	, 𝑖 = 1,2, … 	,			𝑛 ≥ 𝑘	… ..		(5)
$

%$
 

By using (5) we get 

1 − 𝐹'	(1, 𝑡) = 	0 𝐺'	(𝑥)𝑑𝑥 −0 𝐺'	(𝑥)𝑑𝑥	 ≤	
$
;

%$;

	
$

%$
 

2	0 𝐺'	(𝑥)𝑑𝑥 ≤ 𝐶';%<&	
$

$
<

 

𝐹' 	9(𝑥, 𝑡)	;9 , 𝑡	: = 	0 (𝑥 − 𝑡)	;9𝐺'	(𝑥 − 𝑡)𝑑𝑥	
$
;

%$;

 

= 0 𝑥	;9𝐺'	(𝑥)𝑑𝑥	
$
;

%$;

 

≤ 0 (𝑥)	;9𝐺'	(𝑥)𝑑𝑥	
$

%$
 

And applying (5) , 

 	
𝐹' 	9(𝑥 − 𝑡)	;9 , 𝑡	: ≤ 		 𝐶%;'	, 𝑖 = 1,2… , 𝑘			 …	(6) 

	

𝐹'	(|𝑥 − 𝑡|	& , 𝑡	) ≤ 		0 |𝑥|	&𝐺'	(𝑥)𝑑𝑥	
$

%$
 

≤	 	 0 𝑥;&		𝐺'	(𝑥)𝑑𝑥	
$

%$
¡

$
;
	≤ 	𝐶'%&	 

By using The Schwartz inequality and (6) for 𝑖 is odd , Then 

¢𝐹' 	9(𝑥 − 𝑡)	9 , 𝑡	:¢ = 		 £0 𝑥9 		𝐺'	(𝑥)𝑑𝑥	
$
;

%$;

£ 

≤ 	2	0 𝑥	9𝐺'	(𝑥)𝑑𝑥	
$

%$<

 

Since 𝐺' is even , Then  

¢𝐹' 	9(𝑥 − 𝑡)	9 , 𝑥	:¢ ≤ 	𝐶';%<&	, 𝑖 = 	1,3,5…	 

If  	𝑓 ∈ 	 c− $
;
, $
;
d	 , Then Taylor's theorem gives 

𝜆(𝑥) = 	 ¤�
𝜆(9)(E)(𝑥 − 𝑡)	9

𝑖!

&%$

9-.

¦

+	
1

(𝑘 − 1)!	0 𝜆(&)	(𝑢)	(𝑥 − 𝑢)&%$	𝑑𝑢
B

E
 

Since the last term on the right hand side is bounded in 
modulus by 
 9 $
&!
: |𝑥 − 𝑡|&	. >𝜆(&)>!,# 

|𝐹'(𝜆, 𝑡) − 𝜆(𝑡)| ≤ |𝜆(𝑡)||𝜆 − 𝐹'(𝜆)|

+	�
§𝜆(9)(𝑡)§
𝑖! 	.		§𝐹'(𝑥 − 𝑡)9	, 𝑡§ +

&%$

9-$

	 

E
1
𝑘!H . >𝜆

(&)>
!,#
	𝐹'	\|𝑢|&	, 𝑓(𝑢)] 

Thus ‖	𝐹'	(𝜆, 𝑡) − 	𝜆(𝑡)‖!,# ≤ 𝐶	. ‖𝜆‖!,#,([%$,$]#) + 

	�
>𝜆(9)>

!,#

𝑖! 	.		>𝐹'(𝑢)9	, 𝑓(𝑢)>!,#,([%$,$]#) +
&%$

9-$

	 

E
1
𝑘!H	>𝜆

(&)>
!,#
	. >𝐹'	\(𝑢)&	, 𝑓(𝑢)]>!,#,([%$,$]#) 

≤ 𝑀𝑎𝑥	(𝑐)	. 𝑤&	(𝑓, 𝛿)!,#,([%$,$]#)	 . 

We have , from Theorem 3.1 

‖𝑓‖ ≤ 𝐶	‖𝑓@‖  implies  

‖𝑓 − 𝑓∗‖ 	≤ 	𝑀𝑎𝑥	(𝑐)			𝜔&	(𝑓′, 𝛿)G 
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Theorem 3.3: Let ∈ 𝐿!,#([−1,1]2) , 1 ≤ 𝑝 < ∞  and 𝑟 ∈ ℕ. 
Then 

𝐸H(𝑓	,𝛿)!,# ≤ 𝑀𝑎𝑥(𝑐)		𝜔H(𝑓	,𝛿)!,# 

Proof:- Let 𝑓 = 𝛼 − 𝛽 such that 

𝛼(𝑥) = 𝛽(−1) + 2(𝛽(1) − 𝛽(−1)	)(𝑥 + 1)		 

From of property of smoothness of modulus , we have 

𝜔H(𝑓	,𝛿)	!,#,([%$,$]#) ≤ 𝐶𝜔H(𝛼, 𝛿)	!,#,([%$,$]#) 

Theorem 3.1 and 3.2 apply to  , writing 

𝓍&ªªª(𝛼) = 𝛽(𝑥) + 𝓍	'
∗ 	\𝓍&(𝑓)] 

Theorem 3.1 and 3.2 imply 

‖𝑓 − 𝓍'ªªªª(𝑓)‖!,#,([%$,$]#) = (0|𝛼(𝑥) − 𝓍	(𝑓, 𝑥). 𝑤(𝑥)|!𝑑𝑥)
	

A

$
!
 

≤ (0 |𝛼(𝑥) − 𝑔	(𝑥). 𝑤(𝑥)|!𝑑𝑥)
	

A#

$
!

+0 |𝑔	(𝑥) − 𝓍(𝑓, 𝑥). 𝑤(𝑥)|!𝑑𝑥)
	

A#

$
!
 

Let 𝑔 = 𝓍(𝑓) Then 

𝓍'ªªªª(𝑓) = 𝛽(𝑥) + 𝓍∗(𝑔) = 𝛽(𝑥) +0 𝑔	(𝑡). 𝜆'(𝑡 − 𝑥)𝑑𝑡
	

A#

	
 

𝓍'ªªªª(𝛼, 𝑥)@ = 𝛽′(𝑥) + 0𝑔	(𝑡). −𝜆′'(𝑡 − 𝑥)𝑑𝑡
	

A

	
 

= 𝛽′(𝑥) + [−𝑔	(𝑡)𝜆'(𝑡 − 𝑥)]A# +0 𝑔	(𝑡)𝜆'(𝑡 − 𝑥)𝑑𝑡
	

A#

	
 

𝑟 ≥ 2 alternate differen and integration by parts yield : 

𝓍&ªªª(𝛼, 𝑥)H = (−1)' «�(−1), 	𝑔,(𝑡)	𝜆'(𝑟 − 1 − 𝑗)(𝑡 − 𝑥)
H%$

,-.

¬
A#

$
;

+0 𝑔H	(𝑡)𝜆'(𝑡 − 𝑥)𝑑𝑡
	

A#

= 𝛾(𝑥) +0 𝑔H	(𝑡)𝜆'(𝑡 − 𝑥)𝑑𝑡
	

A#
 

From Theorem 3.1 , we get 

‖𝑓(𝛼) − 𝑟)‖!,#,([%$,$]#) ≤ ‖∆GH𝑓‖!,#,([%$,$]#) 

‖𝑓(𝛼) − 𝑟‖!,#,([%$,$]#) ≤ 𝑠𝑢𝑝‖∆GH𝑓‖!,#,([%$,$]#) 

                               𝐸H(𝑓	,𝛿)!,#,([%$,$]#) ≤
𝑀𝑎𝑥(𝑐)		𝜔H(𝑓	,𝛿)!,#,([%$,$]#) . 

4. Conclusion 
In this work,  we managed of prove some properties 

modulus of smoothness which need it in main results proofs 
and we can found the degree of best monotone multi- 
approximation of unbounded functions by using some types of 
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 ةموعنلا سایقم ةطساوب ةدیقم ریغلا لاودلل ددعتم بیرقت لضفأ
 2يلع دمحم ضیمو   1داوع ناندع ءلاع

 قارعلا ، يدامر، رابنلاا ةعماج ، ةفرصلا مولعلل ةیبرتلا ةیلك ،تایضایرلا مسق1
 قارعلا ، يدامر ، رابنلاا ةعماج ، ةفرصلا مولعلل ةیبرتلا ةیلك ،تایضایرلا مسق 2

 :ةصلاخلا
 ضعب ةطساوب ةموعنلا سایقم طورشب نوزوملا ءاضفلا يف ةدیقم ریغلا لاودلل ددعتم بیتر بیرقت لضفا  بیرقت لضفا ةجرد ةشقانم وھ ثحبلا اذھ نم ضرغلا

  . ةموعنلا سایقم صاوخ ضعب نیھارب ضرع كلذكو ةیربجلا ةیطخلا تارثؤملا


