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A B S T R A C T  
We investigate the non-polynomial spline function to solve the fractional 

differential equations with the conformable conjugate gradient method.  The fractional 
derivative was described using the Caputo fractional derivative to construct the spline 
scheme with polynomial fractional order. Therefore, transform the problem to an 
equivalent iterative linear system that can be solved by Gauss-Seidel and conjugate 
gradient methods. For the given spline function, error bounds were studied and a stability 
analysis was completed, the error estimation is also calculated as different values of (n) 
depend on the step size oh (h). Numerical examples with known analytical solutions are 
shown to verify the method's accuracy. The outcomes are in satisfactory correlation with 
the exact answers according to the numerical experiments. Moreover, the convergence 
analysis was investigated with the drive some theorems. Also, the procedure is explained 
in depth and supported by computational examples and the results show that the fractional 
spline function which interpolates data is productive and profitable in solving unique 
problems and compare with the exact solutions.  

Keywords:  
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Introduction: 

Due to its numerous applications in science and 
engineering, fractional calculus plays a vital role in a 
multitude of fields including. materials modelling[1], 
electromagnetism[2], processing of signals[3], ,diffusion 
processes[4], fluid mechanics[5], electrical 
engineering[6], mathematical economics[7]. A variety of 
techniques have been invented to solve fractional 
differential equations, such as:, fractional finite 
difference method[8],  Adomain decomposition 
method[9], Adam-Bashforth-Multon method[10], 

Homotopy  analysis[11], matrix approach method 
for solving FDE discussed in[12], fractional explicit 
Adams method used in[13]Muhammad I. Bhatti and 
Md.Habibur Rahman used B-polynomial bases to solve 
FDE[14], discrete Prabhakar fractional operator studied 
in[15],  a spectral Tau method investigated by Hari 
Mohan Srivastava and et al[16]. 

*Corresponding author at: Department of Mathematics, College 
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One of the most effective procedures for solving 

large linear systems of equations is the conjugate 
gradient method, which can also be applied to nonlinear 
optimization. The linear conjugate gradient method was 
proposed in the 1950s by Hestenes and Stiefel to solve 
linear systems of equations with positive definite 
matrices as an alternative to Gauss elimination.  [17]. 
Fletcher and Reeves discussed the non-linear conjugate 
gradient method in 1964.[18], Several modifications 
have been introduced by researchers to the CG method, 
such as (,[19]) 

Splines have numerous applications in physics 
and engineering and many researchers have worked on 
them. For instance, H. Justine and J. Sulaiman 
constructed a cubic non-polynomial spline for solving 
BVPs [20], The application of non-polynomial spline to 
the numerical solution for the fractional differential 
equation discussed in [21], a six degree spline was found 
to solve second order initial value problem in [22] . 

Copyright©Authors, 2022, College of 
Sciences, University of Anbar. This is an 
open-access article under the CC BY 4.0 
license (http://creativecommons.org/licens 
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In this study we consider the fractional differential 
equation of the form 
 D!𝑦 + 𝑝(𝑥)𝑦" + 𝑞(𝑥)𝑦 = 𝑟(𝑥),			𝑥 ∈ [𝑎, 𝑏] (1) 
With boundary conditions  
 𝑦(𝑎) = 𝐵#, 𝑦(𝑏) = 𝐵$ (2) 
   
Where 𝑝(𝑥), 𝑞(𝑥) and 𝑟(𝑥) are functions of 𝑥, 𝐵# and 
𝐵$ are constants. Then the interval [𝑎, 𝑏] is uniformly 
divided into 𝑗 subintervals and the length of intervals 
defined as Δ𝑥 = ℎ = %&'

(
, 𝑛 = 𝑗 − 1. 

The structure of this paper is organized as follows: we 
set some basic definitions and outcomes of fractional 
calculus in section 2, construction of non-polynomial 
spline function is presented in section 3, error 
estimations and convergence analysis is in section 4, 
finally some numerical examples are illustrated in 
section 5. 

2. Mathematical Preliminaries  
There are various definitions of fractional derivative and 
Taylor’s theorem, which used in this work, will be 
presented in this section. The most common definitions 
of fractional derivatives are Caputo and Riemann-
Liouville definitions. 
Definition 2.1. [23]  The Caputo fractional derivative of 
order 𝜆 > 0 is defined by 

𝐷)𝑓(𝑡) =
1

Γ(𝑚 − 𝜆)
A(𝑡 − 𝜏)*&)&#

𝑑*

𝑑𝜏*	
	𝑓(𝜏)𝑑𝜏,

+

'
𝑚− 1 < 𝜆 < 𝑚 ∈ 𝑁. 

Definition 2.2. [12] The Riemann-Lioville fractional 
derivative of order 𝜆 > 0 is defined by 	

𝐷)𝑓(𝑡) =
1

Γ(𝑚 − 𝜆)
𝑑*

𝑑𝜏*	
A(𝑡 − 𝜏)*&)&#	𝑓(𝜏)𝑑𝜏,
+

'
𝑚− 1 < 𝜆 < 𝑚 ∈ 𝑁. 

Definition 2.3.[12]  The Riemann-Lioville fractional 
integral of order 𝜆 > 0 is defined by 	

𝐼)𝑓(𝑡) =
1
Γ𝜆
A(𝑡 − 𝜏))&#	𝑓(𝜏)𝑑𝜏,
+

'
𝑚− 1 < 𝜆 < 𝑚 ∈ 𝑁. 

Definition 2.4.[14] The Caputo derivative of order 𝜆 of 
a polynomial function 𝑥, is defined by 𝐷)𝑥, =
-(,/#)

-(,&)/#)
𝑥,&). 

Definition 2.5.[24]  The Spectral radius 𝜓(𝐴) where 
𝐴	𝑖𝑠	𝑎𝑛	𝑛 × 𝑛	matrix is given by 
𝜓(𝐴) = max	(|𝜆|) where 𝜆 is an eigenvalue of 𝐴. 
Definition 2.6.[24] An  𝑛 × 𝑛 matrix 𝐴 is convergence 
if 𝜓(𝐴) < 1. 
Definition 2.7.[25] A square matric 𝐴 is called 
diagonally dominate if 
 |𝑎11| > ∑ |𝑎1(|12( .   
Theorem 2.1. For any 𝑥3 ∈ 𝑅4 the sequence 𝑥5 
generated by conjugate gradient method converges to 
the solution 𝑥∗ in at most 𝑛 steps. 
Proof. See [17]. 
 
3. Analysis of Non-Polynomial Spline Function with 
Fractional Order  
The new model of non-polynomial spline method is to 
create a grid with step size 𝑥1 and fractional order, and 
also new conditions as the follows: 
 𝑆(𝑥) = 𝑆1(𝑥), 𝑥 ∈ [𝑥1 , 𝑥1/#], 𝑖 = 0,1,2, … , 𝑛 (3) 
   
Here the trigonometric spline function with fractional 
order by assuming 

 
𝑆1(𝑥) = 𝑎1 + 𝑏1(𝑥 − 𝑥1)

#
$ + 𝑐1(𝑥 − 𝑥1)

+ 𝑑1𝑐𝑜𝑠𝑘(𝑥 − 𝑥1) + 𝑒1𝑠𝑖𝑛𝑘(𝑥
− 𝑥1) 

(4) 

   
Where 𝑎1 , 𝑏1 , 𝑐1 , 𝑑1 and 𝑒1 are constants for,𝑖 = 0,1, … , 𝑛, 
and 𝑘 is a free parameter. 
The spline function 𝑆(𝑥) interpolates 𝑦(𝑥) depending on 
𝑘. To find the value of constants in (4) we supposed the 
following conditions  

 
𝑆1(𝑥1) = 𝑦1 , 𝑆1(𝑥1/#) = 𝑦1/#, 𝑆1

(!")(𝑥1) = 𝑦1
(!"),

𝑆1"(𝑥1) = 𝐷1, and, 𝑆1"(𝑥1/#) = 𝐷1/#. 
 

(5) 

   
Applying the conditions in equation (5)  the value of all 
constants in (4) obtained as follows  
𝑎1 =

&√8	:!:#;$%!/√8	:!:#;$/$√<	:!:#;$
&!"'&(=:#/>)?$/(@:#/>)?$%!

>:!
, 

𝑏1 =

&√$58	:!:";$%!/√$58	:!:";$/$	:!A>/√$B:"C

;$
&!"'&√$5(=:"/>)?$/√$5(@:"/>)?$%!

√8	>:!
,	
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𝑐1 =
&√8	:!;$%!/√8	:!;$/$√<	:!;$

&!"'/(>&=)?$/@?$%!
>

,  
 𝑑1 =

√8	:!:#;$%!&√8	:!:#;$&$√<	:!:#;$
&!"'/(=:#/>)?$&(@:#/>)?$%!

>:!
,	

𝑒1 =
√8	:!;$%!&√8	:!;$&$√<	:!;$

&!"'/=?$&@?$%!
5>

. 
Such that  𝜃 = 𝑘ℎ, 𝑀# = 𝑘𝑠𝑖𝑛𝜃, 𝑀$ = 𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃 −
1, 𝑀D = 𝑐𝑜𝑠𝜃 − 1 , 
𝛼 = −2√𝜋𝑀D − √2𝜃𝑀$ − √𝜋ℎ𝑀#, 𝛽 = −√𝜋𝑀D +
√2𝜃 − √𝜋ℎ𝑀#, 𝛿 = −√𝜋𝑀D + √2𝜃,			𝑖 = 0,1,2, … , 𝑛. 
We obtain  

 

𝑆(𝑥)

=
−√𝜋	𝑀#𝑀D𝑦1/# + √𝜋	𝑀#𝑀D𝑦1 + 2√ℎ	𝑀#𝑀D𝑦1

E#$F − (𝛽𝑀D + 𝛼)𝐷1 + (𝛿𝑀D + 𝛼)𝐷1/#
𝛼𝑀#

+ 

−√2𝑘𝜋	𝑀#𝑀$𝑦1/# + √2𝑘𝜋	𝑀#𝑀$𝑦1 + 2	𝑀#a𝛼 + √2𝜃𝑀$b𝑦1
E#$F − √2𝑘(𝛽𝑀$ + 𝛼)𝐷1 + √2𝑘(𝛿𝑀$ + 𝛼)𝐷1/#

√𝜋	𝛼𝑀#
(𝑥

− 𝑥1)
#
$ 

+
−√𝜋	𝑀#𝑦1/# + √𝜋	𝑀#𝑦1 + 2√ℎ	𝑀#𝑦1

E#$F + (𝛼 − 𝛽)𝐷1 + 𝛿𝐷1/#
𝛼

(𝑥

− 𝑥1) + 
 

√𝜋	𝑀#𝑀D𝑦1/# −√𝜋	𝑀#𝑀D𝑦1 − 2√ℎ	𝑀#𝑀D𝑦1
E#$F + (𝛽𝑀D + 𝛼)𝐷1 − (𝛿𝑀D + 𝛼)𝐷1/#

𝛼𝑀#
𝑐𝑜𝑠𝑘(𝑥

− 𝑥1) + 

√8	:!;$%!&√8	:!;$&$√<	:!;$
&!"'/=?$&@?$%!

5>
𝑠𝑖𝑛𝑘(𝑥 − 𝑥1). 

(6) 

 
 
Now apply the fractional continuity condition of the 
spline function 𝑆1(𝑥) where the splines,  𝑆1&#

(*)(𝑥) =

𝑆1
(*)(𝑥), 𝑚 = #

$
, 1, we obtain the following equations  

 D(
#
$)𝑆1(𝑥) = 𝐷(

#
$)𝑦1(𝑥) (7) 

   
   

 

𝑠1&#
E#$F(𝑥)

=
√𝑘
2 c

−√2𝑘𝜋	𝑀#𝑀$𝑦1 + √2𝑘𝜋	𝑀#𝑀$𝑦1&# + 2	𝑀#a𝛼 + √2𝜃𝑀$b𝑦1&#
E#$F

√𝜋	𝛼𝑀#
d 

+ √G
$
e&√$5(=:"/>)?$(!/√$5(@:"/>)?$

√8>:!
f. 

+
√𝑘
2 c

√𝜋	𝑀#𝑀D𝑦1 − √𝜋	𝑀#𝑀D𝑦1&# − 2√ℎ	𝑀#𝑀D𝑦1&#
E#$F + (𝛽𝑀D + 𝛼)𝐷1&# − (𝛿𝑀D + 𝛼)𝐷1

𝛼𝑀#
d

+ 

√5
$ g

√8	:!;$&√8	:!;$(!&$√<	:!;$(!
&!"'/=?$(!&@?$

5> h

. 

 (8) 

 
From here by equating equations, (7) and (8) we obtain, 

 
𝐴#𝑦1 + 𝐴$𝑦1&# + 𝐴D𝑦1&#

(H) + 𝐴I𝐷1&# + 𝐴J𝐷1
= 2𝑘√𝜋𝛼𝑀#𝑦1

(H) 
(9) 

 
From equation (1), 

 

	𝐷K𝑦1 = −𝑝1(𝑥)𝑦1" − 𝑞1(𝑥)𝑦1 + 𝑟1(𝑥), 
			𝐷K𝑦1&# = −𝑝1&#(𝑥)𝑦1&#" − 𝑞1&#(𝑥)𝑦1&#

+ 𝑟1&#(𝑥), 

, 𝑦1" =
𝑦1/# − 𝑦1&#

2ℎ
, 𝑎𝑛𝑑 

	𝑦1&# =
−𝑦1/# + 4𝑦1 − 3𝑦1&#

2ℎ
 

(10) 

Substitute equation (10) in equation (9) to obtain the 
iterative formula as finite difference equation  
 𝑎1𝑦1&# + 𝑏1𝑦1 + 𝑐1𝑦1/# = 𝐹1 (11) 
 
Then the system of linear equation is formulated from 
equation (11) as follows 
 𝐴𝑦 = 𝐹 (12) 
Where  

𝐴 =                 ,𝑦 =

[𝑦#	𝑦$	𝑦D…𝑦4&#	𝑦4]L, 
𝐹 = [𝐹 − 𝑎#𝑦3	𝐹$…𝐹4&#		𝐹4 − 𝑐4𝑦4/#]L. 

ú
ú
ú
ú
ú
ú
ú
ú

û

ù

ê
ê
ê
ê
ê
ê
ê
ê

ë

é

---

nn

nnn

ba
cba

cba
cba

cb

000
00

0
0

00
00

111

333

222

11

!

"

####$

$#

$

""
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Such that  

𝑎1 = 𝐴$ + l
3𝑝1&#
2ℎ

− 𝑞1&#m 𝐴D −
3𝐴I + 𝐴J

2ℎ

−
√𝜋𝑘𝛼𝑀#𝑝1

ℎ
,	 

			𝑏1 = 𝐴# −
2𝐴D𝑝1&#

ℎ
+
2𝐴I
ℎ

+ 2√𝜋𝑘𝛼𝑀#𝑞1 , 

		𝑐1 =
𝐴D𝑝1&#
2ℎ

+
𝐴J − 𝐴I
2ℎ

+
√𝜋𝑘𝛼𝑀#𝑝1

ℎ
, 

	𝐹1 = 2√𝜋𝑘𝛼𝑀#𝑟1(𝑥1) − 𝐴D𝑟1&#(𝑥1),			𝑖 = 1,2, … , 𝑛. 

𝐴# = −√2𝑘
#
"𝜋𝑀#𝑀$ − 4√𝜋ℎ𝑘𝑀#

$ +

2𝑘
#
"𝜋𝑀#𝑀D cos e𝜃 +

8
I
f + 2𝜋√𝑘𝑀#

$sin	(𝜃 + 8
I
), 

𝐴$ = √2𝑘
#
"𝜋𝑀#𝑀$ + 4√𝜋ℎ𝑘𝑀#

$ − 2𝑘
#
"𝜋𝑀#𝑀D cos e𝜃 +

8
I
f − 2𝜋√𝑘𝑀#

$sin	(𝜃 + 8
I
), 

𝐴D = 2𝑘√𝜋𝑀#a𝛼 + √2𝜃𝑀$b + 8𝜃𝑀#
$ −

4√𝜋𝜃𝑘𝑀#𝑀D cos e𝜃 +
8
I
f − 2√𝜃𝜋𝑀#

$sin	(𝜃 + 8
I
)	, 

𝐴I = −𝑘
#
"√2𝜋(𝛼 + 𝛽𝑀$) + 4𝑘√ℎ𝑀#(𝛼 − 𝛽) +

2√𝜋𝑘
#
"(𝛼 + 𝛽𝑀D) cos e𝜃 +

8
I
f + 2√𝑘𝜋𝑀#βsin	(𝜃 +

8
I
), 

𝐴J = 𝑘
#
"√2𝜋(𝛼 + 𝛿𝑀$) + 4𝑘√ℎ𝑀#𝛿 − 2√𝜋𝑘

#
"(𝛼 +

𝛿𝑀D) cos e𝜃 +
8
I
f − 2√𝑘𝜋𝑀#δ	sin	(𝜃 +

8
I
). 

Theorem 3.1: If 𝐴 is diagonally dominate then for any 
initial vector 𝑥(3) the sequence generates by Gauss-
Seidel method v𝑥(1)w1M3

N
  convergence to unique solution 

of 𝐴𝑥 = 𝑏. 
Proof: see [24]. 
Theorem 3.2:   If 𝐴 has 𝑛 independent columns then 𝐴 
is non-singular, 𝐴&# exists, and 𝐴𝑢 = 𝑓 has a unique 
solution	𝑢. 
Proof: see [26] and [21]. 
Theorem 3.3.[23]  Let𝜌 ∈ (0,1], 𝑝 ∈ 𝑁, and 𝑓(𝑥) be a 
continuous function in [𝑎, 𝑏] satisfying the following 
conditions  
(𝑖)	𝐷(O𝑓(𝑥) ∈ 𝐶([𝑎, 𝑏])𝑎𝑛𝑑	𝐷O𝑓(𝑥) ∈ 𝐼([𝑎, 𝑏]), ∀𝑗 =
1,2, … , 𝑝. 
(𝑖𝑖)	𝐷(P/#)O𝑓(𝑥) is continuous on [𝑎, 𝑏]. 
Then for each 𝑥 ∈ [𝑎, 𝑏], 

𝑓(𝑥) = ∑ ?)*Q(')(R&'))*

-((O/#)
+ 𝑅P(𝑥, 𝑎)

P
(M3 , where  

𝑅P(𝑥, 𝑎) = 𝐷(P/#)O𝑓(𝜂) (R&')(,%!)*

-A(P/#)O/#C
	 , 𝑎 ≤ 𝜂 ≤ 𝑥. 

4. Error Estimations and Convergence Analysis 
Theorem 4.1: Let S(t) be the unique non-polynomial 
fractional spline satisfying in (4), for a given function 
y(x) ∈ CJ[a, b]. Then the following error estimates hold: 

 �𝑠(*)(𝑥) − 𝑓(*)(𝑥)� ≤ <.%/

($*&$)! ∥∥𝑓
(T)∥∥, where α ∈ 𝑅 

and 
�𝑒(*)(𝑥)� = �𝑓(*)(𝑥) − 𝑆(*)(𝑥)�, and,𝑤 =
max3URU<  �𝑓($4)(𝑥)�.                                                             
Proof: By subtracting the analytic function 𝑦(𝑥) of 
sufficiently high order with the spline model in equation 
(6) and using theorem 3.3, we obtain. 

Since 𝐷
!
"𝑠(𝑥) is Hermite interpolation polynomial of 

degree 3, and matching 𝐷
!
"𝑓(𝑥), 𝐷

#
"𝑓(𝑥),	at 𝑥 = 𝑥( , 𝑥(/# 

so for any	𝑥 ∈ �𝑥( , 𝑥(/#�, using ([27],[28]) and let 

 𝑚 = 3, 𝑔 = 𝑓E
!
"F and  𝑝D = 𝑠E

#
"F(𝑥), form the non-

polynomial spline function in equation (4), with known 
constraint conditions; we get:  

 �𝐷
!
"𝑠(𝑥) − 𝐷

!
"𝑓(𝑥)� ≤ <0

I!
|𝐷(T)𝑓(𝑥)| , also if we put 

𝑔 = 𝐷
#
"𝑓(𝑥)	and 𝑃D = 𝐷

#
"𝑠(𝑥), we get 

 �𝑠E
#
"F(𝑥) − 𝑓E

#
"F(𝑥)� ≤ <#

D!
�𝐷(T)𝑓(𝑥)�, then   

|𝑠(𝑥) − 𝑠(0) + 𝑓(0) − 𝑓(𝑥)| ≤ <1

T!
∥ 𝑓(T)(𝑥) ∥        

Since 𝑠(0) = 𝑓(0) and 𝑥 ∈ [0,1] then the last equation 
becomes 

 �𝑠E
0
"F(x) − 𝑓E

0
"F(𝑥)� ≤ <

2
"

$!
∥ 𝑓(T)(𝑥) ∥ ,      

and since 𝑓(P)(0) = 0, 𝑝 = 1,2, also using [23], clearly 
find the error estimation as follows  following:  
 

i. 	𝑙𝑒𝑡	𝜁 = 0,𝑚 = 4, then|𝑒(𝑥)| ≤ <3

V!
�𝑓(V)(𝑥)�N. 

ii. 	𝑙𝑒𝑡	𝜁 = 1,𝑚 = 4, then�𝑒(
!
")(𝑥)� ≤

<2

T!
�𝑓(V)(𝑥)�N. 

iii. 	𝑙𝑒𝑡	𝜁 = 1,𝑚 = 4, then |𝑒"(𝑥)| ≤
<1

$!I!
�𝑓(V)(𝑥)�N. 

iv. 	𝑙𝑒𝑡	𝜁 = D
$
, 𝑚 = 4, then �𝑒E

#
"F(𝑥)� ≤

<0

D!$!
�𝑓(V)(𝑥)�N. 

v. 	𝑙𝑒𝑡	𝜁 = 2,𝑚 = 4, then �𝑒($)(𝑥)� ≤
<4

I!
�𝑓(V)(𝑥)�N. 
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5. Numerical experiments  
In this section the method applied to solve two 
numerical examples of boundary fractional differential 
equations with constant coefficients, the result compared 
with the exact analytical solution to show the efficiency 
of the method. The computational programs were 
written in MatLab. Here the algorithms of the Gauss-
Seidel and the conjugate gradient methods are presented. 
Algorithm 5.1 
Suppose that we have the linear system (12) where 𝐴 is 
symmetric positive definite matrix for Gauss-Seidel 
method first decompose matrix 𝐴 as 𝐴	 = 	𝐷 + 𝐿 + 𝑈 
such that 𝐷 is diagonal matrix, 𝐿 is lower matrix and 𝑈 
is upper matrix. Then the Gauss-Seidel algorithm can be 
written as: 
Start with initial vector  𝑦(3). 
𝑦(1/#) = −(𝐷 + 𝐿)&#𝑈𝑦(1) + (𝐷 + 𝐿)&#𝐹	, 𝑖 =
0,1,2, …	. 
Algorithm 5.2 (conjugate gradient method) 
Chose 𝑦3 ∈ 𝑅4 and put, 𝑑3 = 𝑟3 = 𝐹 − 𝐴𝑦3.  
For 𝑘 = 0,1,2, … 
If 𝑑5 = 0, 𝑠𝑡𝑜𝑝	𝑦5 	𝑖𝑠	𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛	𝑜𝑓	𝐴𝑦 = 𝐹. 
 Otherwise Compute  

𝛼5 =
𝑟5+𝑟5
𝑑5+𝐴𝑑5

,			𝑦5/# = 𝑦5 + 𝛼5𝑑5 , 

𝑟5/# = 𝑟5 − 𝛼5𝐴𝑑5 ,					𝛽5 =
𝑟5/#+ 𝑟5/#
𝑟5+𝑟5

, 

𝑑5/# = 𝑟5/# + 𝛽5𝑑5 
Example 5.1. Consider the fractional differential 
equation 

 
𝑦" + 𝑦H + 𝑦 = 2𝑠𝑖𝑛2𝑥 + 3𝑐𝑜𝑠2𝑥	,	 
		𝑥 ∈ [0, 𝜋], y(0) = y(π) = 0 

(13) 

   
The exact solution of (13) when 𝛼 = #

$
  is, 𝑦 = 𝑠𝑖𝑛2𝑥. 

Table 1 shows the number of iterations with different 
value of 𝑗 using Gauss-Seidel and Conjugate gradient 
methods. 

Table 1. Iteration numbers of example 5.1. 
Number of iterations 

j 64 128 256 
GS 161 687 6962 
CG 63 127 255 

 
Table 2  Exact , approximate, and absolute error of 

example 5.1. 
𝒙 Exact Approximate Absolute error 

solution solution 
𝝅
𝟔𝟒 𝟎. 𝟎𝟗𝟖 𝟎. 𝟎𝟗𝟕𝟑𝟔𝟕𝟎 𝟔. 𝟓 × 𝟏𝟎5𝟒 
𝝅
𝟖 𝟎. 𝟕𝟎𝟕𝟏 𝟎. 𝟕𝟎𝟑𝟏𝟐𝟕𝟗 𝟑. 𝟗 × 𝟏𝟎5𝟑 
𝝅
𝟒 𝟏 𝟎. 𝟗𝟗𝟓𝟕𝟖𝟏𝟔 𝟒. 𝟐 × 𝟏𝟎5𝟑 
𝟑𝝅
𝟖  𝟎. 𝟕𝟎𝟕𝟏 𝟎. 𝟕𝟎𝟔𝟐𝟒𝟑𝟔 𝟖. 𝟔 × 𝟏𝟎5𝟒 
𝝅
𝟐 𝟎 𝟎. 𝟎𝟎𝟑𝟖𝟗𝟎𝟑 𝟑. 𝟖 × 𝟏𝟎5𝟑 

          

 
Figure 1 Exact and approximate solution of example 5.1 with ℎ = !

"#

 
Figure 2 Exact and approximate solution of example 5.1 with h = $

%&'
 

Example 5.2. A boundary value problem of FDE 

𝑦" + 𝑦 = 𝑥$ + 𝑥 + V
D
�R#

8
− 2�R

8
− 1 + 𝑦> , 𝑥 ∈

[0,1], 𝑦(0) = 0, 𝑎𝑛𝑑	𝑦(1) = 0. 

The exact solution with 𝛼 = #
$
 is given as, 𝑦 = 𝑥$ − 𝑥. 

The iteration numbers is present in Table 3 

Table 3 iteration numbers of example 5.2. 
Number of iterations 

j 64 128 256 
GS 220 1607 7838 
CG 63 127 255 

 
Table 4 Exact,  approximate, and absolute error of example 

5.2. 
𝒙 Exact solution Approximate 

solution 
Absolute 

error 
𝟏
𝟔𝟒 −𝟎. 𝟎𝟏𝟓𝟑𝟖 −𝟎. 𝟎𝟏𝟑𝟒𝟕𝟓𝟒 𝟏. 𝟗 × 𝟏𝟎5𝟑 
𝟏
𝟖 −𝟎. 𝟏𝟎𝟗𝟑 −𝟎. 𝟎𝟗𝟖𝟐𝟒𝟓𝟐 𝟏. 𝟏 × 𝟏𝟎5𝟐 
𝟏
𝟒 −𝟎. 𝟏𝟖𝟕𝟓 −𝟎. 𝟏𝟕𝟕𝟐𝟓𝟑𝟖 𝟏. 𝟕 × 𝟏𝟎5𝟐 
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𝟑
𝟖 −𝟎. 𝟐𝟑𝟒𝟑 −𝟎. 𝟐𝟑𝟎𝟕𝟏 𝟑. 𝟔 × 𝟏𝟎5𝟑 
𝟏
𝟐 −𝟎. 𝟐𝟓 −𝟎. 𝟐𝟓𝟒𝟏𝟐𝟔 𝟒. 𝟏 × 𝟏𝟎5𝟑 

 

 

  Figure 3 exact and approximate solution of example 5. 2 h= %
%&'

  

 
.        Figure 4 exact and approximate solution of example 5.2 h= %

&("
. 

Example 5.3.[29] Consider the fractional differential 
equation 

𝐷>𝑦(𝑥) = −𝑦(𝑥) + 𝑥I − #
$
𝑥D − D

-(I&>)
𝑥D&> +

I
-(J&>)

𝑥I&> , 0 < 𝛼 < 1	. 

With boundary conditions, 𝑦(0) = 0, 𝑦(1) = #
$
, 𝑎𝑛𝑑	𝑥 ∈

[0,1]. 

The exact solution with 𝛼 = #
$
 is , 𝑦 = 𝑥I − #

$
𝑥D. 

Table 5 .Iteration numbers of example 5.3 

Number of iterations 

J 1000 

CG 999 

GS 19710 

Table 6.Exact, approximate, and absolute error of example 
5.3. 

𝒙 Exact 
solution 

Approximate 
solution Absolute error 

0.1 -0.0004 -0.00011694 𝟐. 𝟖 × 𝟏𝟎5𝟒 

𝟎. 𝟐 -0.0024 -0.000194 𝟐. 𝟐 × 𝟏𝟎5𝟑 

𝟎. 𝟑 -0.0054 -0.00003 𝟓. 𝟒 × 𝟏𝟎5𝟑 

𝟎. 𝟒 -0.0064 0.00140836 𝟕. 𝟖 × 𝟏𝟎5𝟑 

𝟎. 𝟓 0 0.00647904 𝟔. 𝟒 × 𝟏𝟎5𝟑 

0.6 0.0216 0.02230459 𝟕. 𝟎 × 𝟏𝟎5𝟒 

0.7 0.0686 0.06383659 𝟒. 𝟕 × 𝟏𝟎5𝟑 

0.8 0.1536 0.15236168 𝟏. 𝟐 × 𝟏𝟎5𝟑 

0.9 0.2916 0.30210056 𝟏. 𝟎𝟓 × 𝟏𝟎5𝟐 

 
6. Conclusion 

This paper developed the trigonometric spline 
method for solving FDE and conformable with 
conjugate gradient methods. The findings with the non-
polynomial quartic spline functions are really quite 
interesting. In approximating functions, the non-
polynomial spline and conjugate gradient approaches are 
more adaptive, as seen in the numerical examples. The 
graphs comparing exact and approximate solutions for 
numerical examples demonstrate our method's 
superiority. 
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 FDEs ل/ل ن85ق+لا جر#8لا ةق456 عم ة01/+لا ة.,ل,+لا *یلا'س ةلا#لا

 ٣ملاس ناع5ص دا-ع , قداص 78سو را5ل34  ,    حلاص ه-ح رداق نو$#"ف

 قا'علا-نا1سدر89 #+لقا،ة+نا6+ل"لا،ة+نا6+ل"لا ةعماج،ة+2'1لا ة+ل. ،تا+ضا)'لا #"ق١
 قا'علا-نا1سدر89 #+لقا،ة+نا6+ل"لا،ة+نا6+ل"لا ةعماج،ساسلآا ة+2'1لا ة+ل. ،تا+ضا)'لا #"ق٢

 قا'علا-نا1سدر89 #+لقا،ة+نا6+ل"لا،ة+نا6+ل"لا ةعماج، ة+2'1لا ة+ل. ،تا+ضا)'لا #"ق٣
 :ةصلا?لا

 1X_6لا فصو #ت  .Xبا6Yلا Xفا'61لا جر1Kلا ةق)'U ما1SKساR ة)'"Qلا ة+لضاف1لا تلاداع6لا لBل دوBKلا ةدKع1م '+غ CیلاDس  ةلاد يف DBEن BCن

 لlB9 ، يلا1لاR ، اrه .̀'"Qلا  دوBKلا ةدKع1م تلاماعم ما1SKساR يSYلا ءاف+1سلاا يDoی نأ 1X) Caputo  (lam_6لاو يئabلا لما1Qلا ما1SKساو ̀'"Qلا

 ةسارد �6ت ، ةد6BKلا ةB)'_لا ةف+�9ل ةo"DلاX. Rفا'61لا جر1Kلا ق'Uو)    Gauss-Seidel  ( ةYسا9ب هلح l6tC ئفاtم ر̀ا'Qت يYخ ماwن ىلإ ةلt_6لا

 ل9لح عم ةlدKع ةل�مأ ض'ع #ت .)h( ةSY9لا #aح ىلع 16Kعت )n( ـل ةفلS1م #+ق نلأ اً'wن اl�ًأ أSYلا 'یKقت با"ح #1)و ، تا�Dلا ل+لBت ل16كاو أSYلا دوKح

 ل+لBت يف X+ق1Bلا #ت ، �لذ ىلع ةولاع .ةlدKعلا برا1aلل اقًفو ةق+قKلا تاRاجلإا عم ة+ض'م ةقلاع يف جئاo1لا �نا. .ةق)'Yلا ةقد Cم Xق1Bلل ةفو'عم ة+ل+لBت

 ةo1aم تانا+Dلا #Bقت ي1لا ة+ئabلا ةB)'_لا ةف+�و نأ جئاo1لا 'هwتو ة+با"ح ةل�مأR ه6عدو 6XعR ءا'جلإا ح'ش #1ی ، اl�ًأ . تا)'owلا �عR قاق1شا عم براق1لا

 .ةق+قKلا ل9لBلاR اه1نراقمو ةK)'فلا تلاt_6لا لح يف ة2B'مو

 
 

 

 

 


