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The purpose of this work is to presents a new class of open sets namely Double intuitionistic 
open sets. The relationships between the Double intuitionistic open and the Double intuitionistic 
sets are studied including the Double intuitionistic interior set, Double  intuitionistic closure set 
and Double intuitionistic limit point in Double intuitionistic topological spaces were presented 
and various examples and many observations were presented for each concept, also the 
definitions of the paired set were presented in general topological spaces Therefore, we 
generalize it to the Double intuitionistic topological spaces with the presentation of the basic 
theorem of this new space, and many of the basic characteristics and properties related to these 
concepts that are presented in the third section as evidence with many examples, taking into 
account that the opposite is not true for each evidence for these characteristics, which was 
presented and what we note in the fourth section. 

 
 

 

1. INTRODUCTION 
The concept of general topological spaces, their 

types, and basic concepts were introduced by step by step 
[1]. Abbas and El-Sanousy [2] introduced and studied 
several types of Double fuzzy semi closed sets. Al-Yasry, 
A.Z. [3] investigated the properties of lectures in 
advanced topology. The theory of intuitionistic fuzzy sets 
was examined and developed more on fuzzy sets [4]. 
Later, the concept was used to define intuitionistic sets 
and on intuitionistic gradation of openness by Coker [5,6]. 
El-Maghrabi, A. I. T., & Al-Juhani, M.A. N. [7] extended 
the notion of Some applications of M-open sets in 
topological spaces. Ghareeb, A. [8] introduce and 
characterize several types of normality in double fuzzy 
topological spaces and the effects of some types of 
functions on these types of normality are introduced. 
Generalization of the concept of double set was first 
introduced by Kandil, Tantawy, and Wafaie on flou 
intuitionistic topological spaces [9]. In Mohammed, F. M., 
Abdullah, S. I., & Obaid, S. H. [10] investigated (p, q)-
fuzzy αm-closed sets in double fuzzy topological spaces. 
The concept of on intuitionistic gradation of openness. 
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Fuzzy sets and systems which was presented by Mondal, 
T.K., & Samanta, S. K [11]. Ozcelik and Narli [12] 
introduced and investigated the concept on submaximality 
intuitionistic topological spaces. 
 Also introduced the concept of Double sets and Double 
continuous function in Double intuitionistic topological 
spaces and investigated basic properties of generalization 
Double intuitionistic set by Raoof, A. G., & Jassim, T. H 
[13]. In [14] presented some types of fuzzy Z closed sets in 
double fuzzy topological spaces. Viro, O. Y., Ivanov, O. 
A., Netsvetaev, N. Y., & Kharlamov, V. M. [15] studied 
and submitted the concept of elementary topology problem 
textbook. 
The purpose of this paper is to introduce a new class of 
sets in (DITS) namely Double I-open sets with some 
applications in DITS which is between the class of Double 
I-int Ψ set, Double I-clΨ set and the class Double I-limit 
point Ψ set (see section 3). In section 4, we study the basic 
characteristics and qualities related to these types and the 
relationships between them and give examples the 
converse is not true. 
 
2- Preliminaries 
 We recall the following definitions, which are needed, in 
our work. 

      Definition 2.1 [5] Let	X	≠	∅	, and let 𝔓 and 𝔔 be IS 
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having the form 𝔓 = 〈x,𝔓!, 𝔓"〉, 𝔔 = 〈x,𝔔!, 𝔔"〉 
respectively. Also, {𝔓#: i ∈ I} be an arbitrary family of 
IS in	X	, where	𝔓# = 〈x,𝔓#

(!), 𝔓#
(")〉, afterward: 

1)	∅4 = 〈x, ∅, X	〉 ;	X4 = 〈x, X	, ∅〉. 
2) 𝔓	⊆ 𝔔	iff	𝔓! ⊆ 𝔔!	and	𝔔" ⊇ 𝔓"	. 
 
3)	𝔓	' = 〈x,𝔓", 𝔓!〉.  

      4) ∪ 𝔓# = 〈x, 	∪ 𝔓#
(!),∩ 𝔓#

(")〉 , ∩ 𝔓# = 〈x, ∩ 𝔓#
(!),∪

𝔓#	
(")〉. 

5) 𝔓−𝔔 = 𝔓 ∩	𝔔'.   
6)  𝔓 =	𝔔 if and only if 𝔓	 ⊆ 𝔔 and 𝔔	 ⊆ 𝔓. 
 
Definition 2.2 [12] Let X be a non-empty set, an 
intuitionistic set 𝔓 (IS, for short) is an object having g 
the form 𝔓 = 〈x,𝔓!, 𝔓"〉 where 𝔓!	and	𝔓" are disjoint 
subset of	X	. Then	𝔓!is called set of members of 𝔓, 
while 𝔓" is called set of nonmembers of	 𝔓 [4].  An 
intuitionistic topology (IT, for short) on a non-empty set 
X, is a family T of IS in X containing ∅4, 	X	?	and closed 
under arbitrary unions and finitely intersections. The 
pair (X, T) is called ITS. 
 
Definition 2.3 [9]  Let  X		≠	∅	.                                                                                    
1) A Double-set (D- set, for short) 𝔘 is an ordered pair 
(𝔘1, 𝔘2) ∈ 𝓅	(X) 	× 𝓅	(X) such that 𝔘!⊆	𝔘"	.                                                                
2) D (X) = {(	𝔘1, 𝔘2 )∈	𝓅	(X) × 𝓅	(X), 𝔘1 ⊆		𝔘2} is the 
family      of all D-sets on	X	.   
3) The D-set X = (X,X) is called the universal D-set, and 
the D-set ∅ = (∅,∅) is called the empty D-set. 
 4) Let η1, η2 ⊆ 𝓅 (X). The product of η1 and η2, denoted 
by η1 × η2 defined by η1×η2 = {(𝔘1, 𝔘2)	: 𝔘1 ∈ η1, 𝔘2 ∈ 
η2, 𝔘1 ⊆ 𝔘2}. 
5) Let 𝔘 = (𝔘1,	𝔘2); ϑ = (ϑ1,	ϑ2) ∈ D(X):  
 1) (𝔘c) = (𝔘c

2, 𝔘c
1) where 𝔘c is the complement of  𝔘. 

2) 𝔘 - ϑ = (𝔘1 - ϑ2,	𝔘2 - ϑ1) . 
 
Definition 2.4 [9] Let X be a non-empty set. The family η 
of D-sets in X is called a double topology on X if it 
satisfies the following axioms:  a)  ∅ , 	X ∈ η.   
 b) If  𝔘 , ϑ ∈ η, then 𝔘	 ∩ ϑ ∈ η, 
c)  If {	𝔘z: z ∈ Ζ} ⊆ η, then ∪		(∈	* 𝔘z ∈ η. The pair (X, η) 
is called a DTS. Each element of η is called an open D-set 
in	X	. The complement of open D-set is called closed D-
set. 

 
Definition 2.5 [9] Let X be a non-empty set defined by:   
1) IN (X) = {	∅ , X}, then IN is a Double topology on X 
and is called indiscrete Double topology. (X, IN) is called 
indiscrete Double space.   
 2) dis (X) = 𝓅(X) × 𝓅(X) (power set of X's, then dis is a 
Double topology on X and is called discrete Double 
topology. (X, dis) is called discrete Double space. 
 
Definition 2.6 [1], [8]	Let (X, η) be a DTS and  𝔘	∈ D(X). 
The double closure and interior of		𝔘, denoted by cl (𝔘), int 
(𝔘) defined by: cl (𝔘) = ∩ {	ϑ : ϑ ∈ η c and	𝔘	⊆	ϑ}, int (𝔘) 
=∪ {G# : G# ∈ η and G ⊆ 𝔘}.	
	
 Definition 2.7 [1], [2],[15] Let (X, η) be a DTS and  	𝔘 ∈ 
D (X).  A point x ∈ X is a limit point or cluster point of 𝔘 
and is denoted by 	𝔘		̷ is the set 	𝔘		̷	= {x ∈  X : " ϑ	∈ t; x ∈ 
ϑ Ù ϑ \ {x} ∩ 𝔘  ¹ f}. 
Definition 2.8 [6] Let X  nonempty set, p ∈ X a fixed 
element in X, and let  𝔓 = 〈x,𝔓!, 𝔓"〉  be  an intuitionistic 
set (IS, for short). The IS ṗ defined by ṗ= 〈x, {p}, {p}'〉 is 
called an intuitionistic point (Ip, for	short) in X. The IS p̈ 
=〈x, Ø, {p}'〉 is called a vanishing intuitionistic point (VIp,  
for  short) in X. The IS  ṗ is said to be contained in 𝔓 
(	p	̇ ∈ 	𝔓	, for	short) if and only if   p ∈ 𝔓!	, and similarly 
IS p̈  contained in 𝔓	. (p̈ ∈ 	𝔓	, for	short) if and only if p	∉
	𝔓" . For a given IS p in X, we may write 𝔓 = (∪ {p: p	̇ ∈
𝔓}) ∪ (∪ {p̈: p̈ ∈ 𝔓}) , and whenever 𝔓 is not a proper IS 
(i.e., if  𝔓 is not of the form  𝔓 = 〈x, 𝔓!, 	𝔓"〉  where 	𝔓! ∪ 
	𝔓" ≠ X), then 𝔓 = ∪{	ṗ:	p	̇ ∈ 	𝔓}  hold . In general, any 
IS 𝔓 in X can be written in the form 𝔓 =	�̇� ∪ 	�̈�  where 	�̇� 
=∪ {	�̇�: 	�̇� ∈ 	𝔓}  and 	�̈� =	∪ {p̈: p̈ ∈ 𝔓}. 
 
Definition 2.9 [13] Let Ӿ  be a non-empty set.  
1) A Double intuitionistic set (Double I-set, for short) is an 
ordered  pair (𝒬, 𝒟)= (〈x, 𝒬!	, 𝒬"〉, 〈x, 𝒟!	, 𝒟"〉)	∈  
				pI(Ӿ) × pI(Ӿ) such that 𝒬	⊆ 𝒟.	
2)  Double I (Ӿ) = {(𝒬, 𝓓)∈ pI(Ӿ) × pI(Ӿ), 𝒬 ⊆ 𝒟} is the 
family  of all Double I-sets on Ӿ	.   
3) The Double I-set	(〈x, Ӿ	, ∅	〉, 〈x, Ӿ	, ∅〉)= (	Ӿ4	,Ӿ4) is called 
the   universal Double I-set, and the Double I-set 	(∅4,∅4) = 
(			〈x, ∅, Ӿ	〉, 〈x, ∅, Ӿ	〉) is called the empty Double I-set. 
         4) Let Ψ1,Ψ2 ⊆ pI(Ӿ). The Double product of Ψ1 and 
Ψ2,   
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           defined by Ψ1×Ψ2 =	{(Q, 𝒟):𝒬∈ Ψ1,𝒟 ∈ Ψ2 ,Q ⊆
𝒟} . 
5     5) Let (𝒬,	𝒟), (𝒞, 𝒢)	∈ Double	I (Ӿ):  

1) (𝒬,𝒟)c = (	𝒟c,𝒬c) =	(〈x, 𝒟!	, 𝒟"〉', 〈x, 𝒬!	, 𝒬"〉') =  
                 				(〈x, 𝒟"	, 𝒟!〉, 〈x, 𝒬"	, 𝒬!〉).          

2) (𝒬,𝒟)\(𝒞, 𝒢) = ((𝒬\𝒢),(𝒟\𝒞)) = 
	(〈x, 𝒬!	, 𝒬"〉, 〈x, 𝒟!	, 𝒟"〉)	\
	(〈x, 𝒞!	, 𝒞"〉, 〈x, 𝒢!	, 𝒢"〉)	=	((〈x, 𝒬!	, 𝒬"〉\
〈x, 𝒢!	, 𝒢"〉),												(〈x, 𝒟!	, 𝒟"〉	, 〈x, 𝒞!	, 𝒞"〉).  Each 
element of	Ψ is called a Double intuitionistic open 
set (DIOS, for short) in	Ӿ.  The complement of 
DIOS is called Double intuitionistic closed set 
(DICS, for short). 
 

Theorem 2.10 [13] Let Ӿ	≠	∅	, then the family T of all 
Double intuitionistic open sets in Ӿ is Double intuitionistic 
topological spaces (DITS).           

  
 Proof Let (Ӿ, T) be intuitionistic topological spaces 
(ITS), then:                          
             1)	∅4 = 〈x	, ∅, Ӿ〉 ,	Ӿ4 = 〈x	, Ӿ, ∅〉 ∈ IT →  (∅4,∅4), 

(Ӿ4,Ӿ	4 ) ∈ DITS. 
2) Let (𝒬,	𝒟), (𝒞,	𝒢)	∈ DIT → 𝒬,	𝒟, 𝒞,	𝒢	∈ IT. Since IT is 
intuitionistic topology, then 𝒬	∩ 𝒟	∈ IT and 𝒞 ∩ 𝒢 ∈ IT. 
Now, let 𝒦 = (𝒬,𝒟)	 and	𝒲 = (𝒞, 𝒢) → (𝒦,𝒲) = ((𝒬,	
𝒞), (𝒟,	𝒢))	∈ DITS. 
3) Let (𝒬,	, 𝒟,) be a family of IS and s	∈ S and (𝒬,	, 𝒟,) ∈ 
DIT →  𝒬,	, 𝒟,∈ ITS, since IT is intuitionistic topology, 
then	∪,∈- 	𝒬,∈	IT and ∪,∈- 𝒟,∈	IT. Thus	∪,∈- (𝒬,	, 𝒟,)∈ 
DIT. Therefore, (Ӿ, T) is Double intuitionistic topological 
spaces. 
 
3- Double intuitionistic open sets in DITS  
  In this section, we introduce a new class of DIS in 
Double intuitionistic topological spaces and related to     
other kind of sets, which are defined in this work. We 
begin this section by the following definitions. 

   Definition 3.1 Let Ӿ  nonempty set, (𝔭d,𝔭d)	∈ Ӿ a fixed 
element in Ӿ, and let (𝒬,𝒟) = (〈𝑥, 𝒬!	, 𝒬"〉, 〈𝑥, 𝒟!	, 𝒟"〉) be 
a Double intuitionistic set (Double I-set). The Double I-set 
(𝔭d,𝔭d) defined  by (𝔭d,𝔭d)=(〈𝑥, {𝔭}, {𝔭}.〉, 〈𝑥, {𝔭}, {𝔭}.〉) is 
called a Double intuitionistic point (𝐷𝑜𝑢𝑏𝑙𝑒	𝐼 −
𝔭oint	, 𝑓𝑜𝑟	𝑠ℎ𝑜𝑟𝑡) in  Ӿ . The Double I-set  

 

    (𝔭d, 𝔭d)		𝑖𝑠	said to be contained in (𝒬,𝒟) if and only if 
(𝔭d, 𝔭d) ∈ (𝒬!, 𝒟!)	. 
 
  Definition 3.2 Let (Ӿ,𝛹) be a DITS and (𝒬,	𝒟) ∈ Double 

I(Ӿ), then the Double interior of	(𝒬, 𝒟)	is the Double I-
set such that int (𝒬,	𝒟) =∪ {(𝒞,	𝒢): (𝒞,	𝒢)	∈ 𝛹 and (𝒞,	𝒢) 
⊆ (𝒬,	𝒟)}. 

 
  Remarks 3.3 1) As int (𝒬,	𝒟) is the union of all Double 

intuitionistic open sets contained in (𝒬,	 𝒟). it is the 
largest DIOS contained in (𝒬,	𝒟). So int (𝒬,	𝒟)	⊆ (𝒬,	𝒟). 

 2) If (𝒞,	𝒢)	is a DIOS such that (𝒞,	𝒢)	⊆ (𝒬,	𝒟) then (𝒞,	𝒢)	
⊆ int      (𝒬,	𝒟). 

3) The Double interior of (𝒬,	𝒟) will be denoted by (𝒬,	𝒟) 
0. 
4) (𝒬,	𝒟) is a DIOS iff each Double point (𝔭d, 𝔭d)	∈ (𝒬,	𝒟) is 
a Double interior point of (𝒬,	 𝒟) iff there exist a DIOS 
(𝜐, 𝜈 )	∈ 𝛹 containing (𝔭d, 𝔭d) such that  (𝔭d, 𝔭d)	∈ (𝜐, 𝜈)	⊆ (𝒬,	
𝒟). 
 
Definition 3.4 Let (Ӿ	, 𝛹) be a DITS and (𝒬,	𝒟)	∈ Double 
I(Ӿ), the Double closure of (𝒬,	𝒟) denoted by cl (𝒬,	𝒟) or 
(𝒬,𝒟)vvvvvvvv is the Double I-set such that cl (𝒬,	𝒟) = ∩ {(	𝒞,	𝒢): ( 
𝒞,	𝒢) ∈ 𝛹 c and (𝒬,	𝒟) ⊆ (	𝒞,	𝒢)}. 
 
Remarks 3.5 1) In a DITS (Ӿ,IN) if (∅4, ∅4) ¹ (𝒬,	𝒟) Í (Ӿ4 , 
Ӿ4), then cl (𝒬,	𝒟) = ( Ӿ4 , Ӿ4). Since cl (𝒬,	𝒟) is Double I-
closed set in IN contain (𝒬,	𝒟)= (Ӿ4 , Ӿ4). 
 2)  In a DITS (Ӿ,dis), every subset of (Ӿ4 , Ӿ4) is Double I-
open and Double I-closed in the sometime, then cl (𝒬,	𝒟) 
= (𝒬,	𝒟) for all (𝒬,	𝒟) Í (Ӿ4 , Ӿ4). 
 
Definition 3.6 Let (Ӿ	, 𝛹) be a DITS and (𝒬,	𝒟) ∈ Double I 
(Ӿ). A Double intuitionistic point (𝔭d, 𝔭d) ∈ Ӿ is called 
Double limit point of (𝒬,	 𝒟) iff every Double I-open set 
containing (𝔭d, 𝔭d) contains at least one Double I-point of (𝒬,	
𝒟) different from (𝔭d, 𝔭d). The Double I-set of all Double 
limit point of (𝒬,	𝒟) is called Double derived set of (𝒬,	𝒟) 
and is denoted by (𝒬,	𝒟)/ i.e., (𝒬,	𝒟)/ = {(𝔭d, 𝔭d) ∈ Ӿ	: "(𝜐, 𝜈)	
∈ 𝛹	; {(𝔭d, 𝔭d) ∈ (𝜐, 𝜈)	Ù (𝜐, 𝜈) \ {(𝔭d, 𝔭d)} ∩ (𝒬,	𝒟) ¹ (∅4, ∅4). 
If  (𝔭d, 𝔭d) Ï (𝒬,	 𝒟) / Û $ (𝜐, 𝜈)	 ∈  𝛹; {(𝔭d, 𝔭d) ∈ (𝜐, 𝜈)	
Ù (𝜐, 𝜈) \ {(𝔭d, 𝔭d)} ∩ (𝒬,	𝒟) =  (∅4, ∅4 ). 
 
Remarks 3.7 Let Ӿ ¹ (∅4,∅4) and 𝛹= {(∅4,∅4), (Ӿ4 ,Ӿ4)}. This 
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𝛹 is topology on Ӿ called Double indiscrete topology.   
1) choose (𝒬,	𝒟) = (∅4,∅4) Í Ӿ →(∅4,∅4 )/ =(	∅4 ,∅4). So (∅4, ∅4) 
does not Double limit point, since for every Double I-open 
set (𝜐, 𝜈)	any for every element {(𝔭d, 𝔭d) is (𝜐, 𝜈)	\ {(𝔭d, 𝔭d)} 
∩ (∅4, ∅4) = (∅4,∅4).  
2) choose (𝒬,	𝒟) ¹ (∅4, ∅4) and (𝒬,	𝒟) contains more than 
one element, then (𝒬,	 𝒟) / = (Ӿ4 , Ӿ4), because the only 
Double I-open set indiscrete is Ӿ for every element in Ӿ 	
and		(Ӿ4 , Ӿ4)\ {(𝔭d, 𝔭d)}∩ (𝒬,	𝒟) ¹ (∅4, ∅4). 
In the next example we show that Double interior (Double 
closure and Double limit point) in DITS. 
 
Example 3.8 Let Ӿ = {	𝒾, 𝒿, 𝒽}; 𝛹 = {(∅4, ∅4) , (	Ӿ	?, 	Ӿ	?), 
(ℳ!,ℳ") ,(ℳ/,ℳ0), (ℳ!,ℳ0), 	(ℳ0, 	Ӿ	?), (∅4,ℳ!), 
	(ℳ!, 	Ӿ	?), 
(ℳ!,ℳ!),	{∅4,ℳ0|,(ℳ0,ℳ0)}where	(ℳ!,ℳ")	=  
 
(〈𝑥, {𝒿}, {𝒾, 𝒽}〉, 〈𝑥, {𝒾, 𝒿}	, {𝒽}〉), (ℳ/,ℳ0) = 
(〈𝑥, {𝒽}, {𝒾, 𝒿}〉, 〈𝑥, {𝒿, 𝒽}, {𝒾}〉)	, (ℳ!,ℳ0) =
(〈𝑥, {𝒿}, {𝒾, 𝒽}〉, 〈𝑥, {𝒿, 𝒽}, {𝒾}〉),	(ℳ0, 	Ӿ	?)	= 
(〈𝑥, {𝒿, 𝒽}, {𝒾}〉, <x,	Ӿ	,	∅ >), 	{∅4,ℳ!|	=		(〈	𝑥, ∅	, Ӿ	 >
, 〈𝑥, {𝒿}, {𝒾, 𝒽}〉),	(ℳ!, 	Ӿ	?) = (〈𝑥, {𝒿}, {𝒾, 𝒽}〉,
<x,		Ӿ	,	∅ >), (ℳ!,ℳ!) =
(〈𝑥, {𝒿}, {𝒾, 𝒽}〉, 〈𝑥, {𝒿}, {𝒾, 𝒽}〉), {∅4,ℳ0|	= 	(〈	𝑥, ∅	, Ӿ	 >
, 〈𝑥, {𝒿, 𝒽}, {𝒾}〉) and (ℳ0,ℳ0)		= 	(〈𝑥, {𝒿, 𝒽}, {𝒾}〉, 
〈𝑥, {𝒿, 𝒽}, {𝒾}〉). 𝛹c = {(∅4, ∅4) , (	Ӿ	?,	Ӿ	?), 
(ℳ"

. ,ℳ!
.), (ℳ0

. ,ℳ/
.), (ℳ0

. ,ℳ!
.), (∅4,ℳ0

.), (ℳ!
. , 	Ӿ	?), 

(∅4,ℳ!
.),	(ℳ!

. ,ℳ!
.), 	(ℳ0

. , 	Ӿ	?), 	(ℳ0
. ,ℳ0

.)} where 
(ℳ"

. ,ℳ!
.) = (〈𝑥, {ℎ}, {𝒾, 𝑗}〉,〈𝑥, {𝒾, ℎ}	, {𝑗}〉), 	(ℳ0

. ,ℳ/
.)	= 

(〈𝑥, {𝑖}, {𝑗, ℎ}〉,〈𝑥, {𝒾, 𝑗}	, {ℎ}〉),	(ℳ0
. ,ℳ!

.)	= 
(〈𝑥, {𝑖}, {𝑗, ℎ}〉,〈𝑥, {𝒾, ℎ}	, {𝑗}〉), (∅4,ℳ0

.)	=	(〈	𝑥, ∅	, Ӿ	 >,
〈𝑥, {𝑖}, {𝑗, 𝑘}〉,	(ℳ!

. , 	Ӿ	?)		=	(〈𝑥, {𝑖, ℎ}, {𝑗}〉, <x,	Ӿ	,	∅ >), 
(∅4,ℳ!

.)	 =	(〈	𝑥, ∅	, Ӿ	 >, 〈𝑥, {𝑖, 𝒽}, {𝑗}〉),	(ℳ!
. ,ℳ!

.) =
(〈𝑥, {𝑖, ℎ}, {𝑗}〉, 〈𝑥, {𝑖, ℎ}, {𝑗}〉), (ℳ0

. , 	Ӿ	?) =
(〈𝑥, {𝒿, 𝒽}, {𝒾}〉, 〈	𝑥, Ӿ	, ∅ >) and (ℳ0

. ,ℳ0
.) = 

(〈𝑥, {𝑖}, {𝑗, ℎ}〉	,〈𝑥, {𝒾}	, {𝑗, ℎ}〉).  Let (ℳ0
. ,ℳ") =

(〈𝑥, {𝑖}, {𝑗, 𝒽}〉, 〈𝑥, {𝑖, 𝒿}, {ℎ}〉) is Double interior set in Ӿ, 
since the union of all Double I-open set contained 
in	(ℳ0

. ,ℳ")	and int (ℳ0
. ,ℳ") =	(∅4,ℳ!) and 

	𝑐𝑙(ℳ0
. ,ℳ") = ∩ {(ℳ0

. ,ℳ/
.),	(ℳ0

. ,ℳ/
.)	∈ 𝛹c and 

(ℳ0
. ,ℳ")	⊆ (ℳ0

. ,ℳ/
.)	}. Therefore 𝑐𝑙(ℳ0

. ,ℳ")  = 
(ℳ0

. ,ℳ/
.)	.	 Let	(ℳ!,ℳ!)  to find the Double limit point 

of any Double I-set must choose every Double I-open sets 

for every Double I-point in Ӿ and notes satisfy the 
definition or not. 
 (�̃,�̃) = (〈𝑥, {𝒾}, {𝒿, 𝒽}〉,〈𝑥, {𝒾}	, {𝒿, 𝒽}〉	)	 ∈ Ӿ and the 
Double I-set containing (�̃,�̃) is (Ӿ4 ,Ӿ4) only. 
(�̃ , �̃) = (〈𝑥, {𝒿}, {𝒾, 𝒽}〉,〈𝑥, {𝒿}	, {𝒾, 𝒽}〉)	 ∈ Ӿ and the 
Double I-set containing (�̃ , �̃) are (Ӿ4 ,Ӿ4), (ℳ!,ℳ" ), 
(ℳ!,ℳ0), (ℳ0, Ӿ4) , {ℳ!, Ӿ4|,	(ℳ!,ℳ!) and (ℳ0,ℳ0).  
(𝒽� , 𝒽�) = (〈𝑥, {𝒽}, {𝒾, 𝒿}〉,〈𝑥, {𝒽}	, {𝒾, 𝒿}〉)	 ∈	 Ӿ and the 
Double I-set containing (𝒽�,𝒽�) are (Ӿ4 ,Ӿ4), (ℳ/,ℳ0 ) , 
(ℳ0, Ӿ4) and (ℳ0,ℳ0	). Notes that (Ӽ�  ,Ӽ�) \ {((�̃,�̃)} ∩ 
(ℳ!.ℳ!)	 = (ℳ!.ℳ!) → (�̃,�̃)	∈ (ℳ!.ℳ!)/. 
 Notes that (ℳ!,ℳ")	\ {((�̃,�̃)} ∩ (ℳ!,ℳ!)	=	(∅4, ∅4) → 
(�̃,�̃)	 Ï (ℳ!,ℳ! ) /. Notes that (	Ӿ	? ,	Ӿ	?) \ {(𝒽�  ,𝒽�)} ∩ 
(ℳ!,ℳ!)	 = (ℳ!,ℳ!). Notes that	(ℳ/,) \ {(𝒽� ,𝒽�)} ∩ 
(ℳ!,ℳ!)	 =	{∅4,ℳ!|. Notes that (ℳ0, 	Ӿ	?) \ {(𝒽�  ,𝒽�)} ∩ 
(ℳ!,ℳ!)	=  (ℳ!,ℳ") .  
Notes that (ℳ0,ℳ0	) \ {(𝒽� ,𝒽�)} ∩ (ℳ!,ℳ!)	 = (ℳ!,ℳ!) 
→ (𝒽�,𝒽�)	∈ (ℳ!,ℳ! )/. Therefore (	ℳ!,ℳ!)/	=	{(�̃, �̃)	,	(𝒽� 
,𝒽�)}. 
 
4 -Characterizations of Topology by (Double Interior, 
Double Closure and Double Limit point) Operations in 
DITS. 
 
 Finally, we will present the basic qualities and 
characteristics related to the definitions that were presented 
in the third section as proofs and give examples of the 
contrary being not true for these characteristics. 
 
Theorem 4.1 Let (Ӿ,Ψ) be a DITS and ((𝒬,	𝒟), (𝒞,	𝒢)) ∈ 
Double I (Ӿ). The following characterizations are hold:  
1) (𝒬, 𝒟) o Í 	(𝒬, 𝒟). 

  2) (𝒬,𝒟)o =∪ {(𝒞,	𝒢)	∈ Ψ;(𝒞,	𝒢) Í (𝒬,𝒟)}. This means 
(𝒬,𝒟)o  

       is the large Double I-open set contain in 			(𝒬, 𝒟). 
3) (𝒬,𝒟) is Double I-open Û 	(𝒬, 𝒟)o = (𝒬,𝒟)	. 
 
4) (∅4, ∅4)o = {∅4, ∅4| ; (	Ӿ	? , 	Ӿ	?)o = (	Ӿ	? , 	Ӿ	?);  ((𝒬,𝒟)o)	 o = 
(𝒬,𝒟)o. 
5) If (𝒬,𝒟)	Í  (𝒞,	𝒢), then 	(𝒬, 𝒟)o Í  (𝒞,	𝒢)	o. 

 6) ((𝒬,𝒟) ∩ (𝒞,	𝒢))	o =  (𝒬,𝒟)o ∩  (𝒞,	𝒢)	o. 
7) (𝒬,𝒟)	o 	∪ (	𝒞,	𝒢)	o Í  ((𝒬,𝒟) ∪  (𝒞, 𝒢))	o. 
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Proof   1) 	(𝒬, 𝒟)o = ∪#1!	2 (𝒬#, 𝒟#) ;	(𝒬, 𝒟)	is Double I-
open subset of (𝒬,𝒟), so (𝒬!, 𝒟!) Í 	(𝒬, 𝒟) 
(𝒬", 𝒟") Í (𝒬,𝒟)…(𝒬2, 𝒟2) Í 	(𝒬, 𝒟) →
(𝒬!, 𝒟!) ∪ (𝒬", 𝒟") ∪…∪
(𝒬2, 𝒟2) Í (𝒬,𝒟).Since	(𝒬, 𝒟)o	 Í  (𝒬,𝒟) 	→
(𝒬!, 𝒟!) 	∪ (𝒬", 𝒟") ∪…∪ (𝒬2, 𝒟2) = (𝒬,𝒟)o	→
(𝒬!, 𝒟!)	Í  (𝒬,𝒟)o	, (𝒬", 𝒟")		
Í  (𝒬,𝒟)o….(𝒬2, 𝒟2) Í (𝒬,𝒟)oÍ (𝒬,𝒟 ) . Hence 
(𝒬,𝒟)o Í (𝒬,𝒟 ). 
2) Since (𝒬,𝒟)o is the union of all Double I-open sets 

contained in (𝒬,𝒟)o → (𝒬,𝒟)o is the largest Double 
I- open set contained in	(𝒬, 𝒟)	. 

3)	 	 (Þ)	 Suppose	 that	 (𝒬, 𝒟)	 is	 Double	 I-open,	 to	
prove	 	 	 	 (𝒬, 𝒟)o	 =	 (𝒬, 𝒟). Since	 (𝒬, 𝒟)	is	 Double	 I-	
open,	(𝒬, 𝒟)	Í (𝒬,𝒟) (i.e.,	 (𝒬, 𝒟)	 is	 a	 Double	 I-open	
set	 contained	 in	 (𝒬, 𝒟) → (𝒬,𝒟)	Í (𝒬,𝒟)o.	 And	
(𝒬, 𝒟)o	 Í (𝒬,𝒟)	 	 (by	 definition	 of	(𝒬, 𝒟)o).	 Thus	
(𝒬, 𝒟)o	=	(𝒬, 𝒟).	
	(Ü)	Suppose	 that	 	(𝒬, 𝒟)o	=(𝒬,𝒟)	to	prove	 (𝒬, 𝒟)		 is	
Double	 I-open.	 Since	 (𝒬, 𝒟)	is	 Double	 I-open	 set	 and	
(𝒬, 𝒟)o	=	∪{(𝒞,	𝒢)	∈	Ψ;	 (𝒞,	𝒢)	Í (𝒬,𝒟)}	→	(𝒬, 𝒟)o	 is	a	
Double	 I-open	 set.	 Thus	 (𝒬, 𝒟)	is	 Double	 I-open	
iff		(𝒬, 𝒟)o	=	(𝒬, 𝒟)	.	
4)		(∅4, ∅4)o = {∅4, ∅4| 	→ (∅?,∅4)	Í {∅4, ∅4| → (∅?,∅4) 
Í {∅4, ∅4|o  Í {∅4, ∅4| → (∅?,∅4)o =	{∅4, ∅4|. 
 (Ӿ4 , Ӿ4)o = (Ӿ4 , Ӿ4)	→ (Ӿ4 , Ӿ4)	 Í (Ӿ4 , Ӿ4)	→	(Ӿ4 , Ӿ4)	 Í (Ӿ4 , Ӿ4)o 
Í (Ӿ4 , Ӿ4)	→	(Ӿ4 , Ӿ4)o	 = (Ӿ4 , Ӿ4). 
 Since (𝒬,𝒟)	o is Double I-open set. Therefore ((𝒬,𝒟)o)	o 
= (𝒬,𝒟)	o (from (3) a bevo). 
5)  Suppose that (𝒬,𝒟)	Í  (𝒞,	𝒢)	to prove (𝒬,𝒟)o	Í (𝒞,	𝒢)	
o. Let (𝒬,𝒟)o Í (𝒬,𝒟)	and (𝒬,𝒟)	Í (𝒞,	 𝒢)→ (𝒬,𝒟)o 
Í (𝒬,𝒟)	Í (𝒞,	𝒢)	→ (𝒬,𝒟)	o Í (𝒞,	𝒢), but (𝒞,	𝒢)	 o is the 
largest Double I-open set of (𝒞,	 𝒢)	 contained in (𝒞,	 𝒢)	 .  
Therefore (𝒬,𝒟)o Í (𝒞,	𝒢)	o. Hence of (𝒬,𝒟)	Í  (𝒞,	𝒢)		→
(𝒬,𝒟)	o Í  (𝒞,	𝒢)	o. 
6) To prove 	(𝒬, 𝒟)o ∩ (𝒞,	𝒢)	 o = ((𝒬,𝒟) ∩ (𝒞,	𝒢))o , we 
must prove ((𝒬,𝒟) ∩ (𝒞,	 𝒢))o Í 	(𝒬, 𝒟)o ∩ (𝒞,	 𝒢)	 o Ù 
	(𝒬, 𝒟)o ∩ (𝒞,	 𝒢)	 o	Í ((𝒬,𝒟) ∩ (𝒞,	 𝒢))o → 	(𝒬, 𝒟)	∩ (𝒞,	
𝒢)	Í		(𝒬, 𝒟) Ù		(𝒬, 𝒟) ∩ (𝒞,	 𝒢)	Í (𝒞,𝒢)	→ ((𝒬,𝒟)∩ (𝒞,	
𝒢))o Í		(𝒬, 𝒟)o Ù	((𝒬, 𝒟) ∩ (𝒞,	𝒢))o Í  (𝒞,	𝒢)	o	→ ((𝒬,𝒟) 
∩ (𝒞,	𝒢))o Í 	(𝒬, 𝒟)o ∩ (𝒞,	𝒢)	o…(1) 
 As 	(𝒬, 𝒟)o Í 	(𝒬, 𝒟).		(𝒞, 𝒢)o Í (𝒞,	𝒢)	→ 	(𝒬, 𝒟)o ∩ (𝒞,	

𝒢)o Í 	(𝒬, 𝒟) ∩ (𝒞,	𝒢)	, since		(𝒬, 𝒟)o ∩ (𝒞,	𝒢)	o is  Double 
I-open sets containing in 	(𝒬, 𝒟) ∩ (𝒞,	 𝒢)	 	 and ((𝒬,𝒟) 
∩ (𝒞,	 𝒢))o is the large  Double I-open set containing  in 
	(𝒬, 𝒟)∩ (𝒞,𝒢)	 → ((𝒬,𝒟)o ∩ (𝒞,	 𝒢)	 o)o Í ((𝒬,𝒟) ∩ (𝒞,	
𝒢))o → (𝒬,𝒟)o ∩ (𝒞,	𝒢)	 o Í ((𝒬,𝒟) ∩ (𝒞,	𝒢))o ...(2) from 
(1) and (2),  we have ((𝒬,𝒟) ∩ (𝒞,	𝒢))o =  	(𝒬, 𝒟)o ∩ (𝒞,	
𝒢)	o . 
7) As 	(𝒬, 𝒟) Í 	(𝒬, 𝒟) ∪ (𝒞,	𝒢)	 Ù (𝒞,	𝒢)	 Í 	(𝒬, 𝒟) ∪ (𝒞,	
𝒢)	→	(𝒬,𝒟)o Í ((𝒬,𝒟) ∪ (𝒞,	 𝒢))o Ù (𝒞,	 𝒢)	 o Í ((𝒬,𝒟) 
∪ (𝒞,	𝒢))o → ((𝒬,𝒟)o ∪ (𝒞,	𝒢)	o Í (	(𝒬, 𝒟) ∪ (𝒞,	𝒢))o . 
 
Remark 4.2 The converse of property (5) is not true i.e.,
(𝒬, 𝒟)o Í (𝒞,	 𝒢)	 o ⇏ 	(𝒬, 𝒟)	Í (𝒞,	 𝒢). The following 
example show that: 
 
Example 4.3 Let Ӿ = {	1,2,3}; Ψ = {(∅4, ∅4) , (Ӿ4,Ӿ4), 
(ξ!, ξ/), (ξ", ξ/), (ξ/, ξ/) ,	(∅4, ξ/)} where (ξ!, ξ/)	 = 
	(〈x, {1}, {2,3}〉	,〈x, {1,2}	, ∅〉), (ξ", ξ/) = 
(〈x, {2}, {1}〉, 〈x, {1,2}	, ∅〉), 
(ξ/, ξ/)		=		(〈x, {1,2}	, ∅〉, 〈	x, {1,2}	, ∅〉)	 and	(∅4, ξ/) 
=	(〈x, ∅, Ӿ〉, 〈x, {1,2}, ∅〉). Let (ξ0, ξ/) = 
(〈x, {1}	, {2}〉, 〈x, {1,2}	, ∅〉), (ξ3ξ/) = (〈x, {1}	, {3}〉,
〈x, {1,2}	, ∅〉). Since (ξ0, ξ/)o	 	 = 
(ξ!, ξ/)	and	(ξ3, ξ/)	o = (ξ!, ξ/). Notes that (ξ0, ξ/)o 
Í (ξ3, ξ/)o, but (ξ0, ξ/) Ë (ξ3, ξ/).	  
 

Remark 4.4 The converse contains of property (7) is not 
true in general, i.e., ((𝒬,𝒟) ∪(	𝒞, 𝒢))	 o Ë  (𝒬,𝒟)o 
∪ (𝒞, 𝒢)o.  
In the previous example: let (ξ4, ξ4)		= 
	(〈x, {2,3}, ∅〉, 〈x, {2.3}, ∅〉), then (ξ0, ξ/) ∪	(ξ4, ξ4) 
=	(Ӿ4,Ӿ4)	→ ((ξ0, ξ/) ∪ (ξ4, ξ4))o = (Ӿ4 , Ӿ4). But (ξ0, ξ/)o 	∪ 
(ξ4, ξ4)o = (ξ!, ξ/ ) and (Ӿ4 ,Ӿ4	) Ë (ξ!, ξ/ ). 
 
Theorem 4.5 Let (Ӿ	, Ψ) be a DITS and (𝒬,𝒟),	(	𝒞, 𝒢)∈ 
Double I (Ӿ). The following characterizations are hold:  

1) (𝒬,𝒟) Í cl (𝒬,𝒟). 
2) cl (𝒬,𝒟) is smallest Double I-closed set contains 

(𝒬,𝒟). 
3) (𝒬,𝒟)	is Double I-closed Û cl (𝒬,𝒟) = (𝒬,𝒟). 
4) If  (𝒬,𝒟) Í	(	𝒞, 𝒢) then cl(𝒬,𝒟) Í	cl	(	𝒞, 𝒢). 
5) cl ((𝒬,𝒟) ∪	(	𝒞, 𝒢)) = cl (𝒬,𝒟) ∪	cl	(	𝒞, 𝒢) . 
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6) cl ((𝒬,𝒟) ∩	(	𝒞, 𝒢)) Í cl (𝒬,𝒟) ∩	cl	(	𝒞, 𝒢) . 
7) cl (Ӿ4 , Ӿ4 ) =	(Ӿ4 , Ӿ4), cl (∅4, ∅4) = (∅4, ∅4) and cl (cl	

(𝒬, 𝒟))= cl	(𝒬, 𝒟) .   
 

Proof 1) By definition of Double closure of (𝒬,𝒟), we 
have cl(𝒬,𝒟) is the intersection Double I-closed set 
containing (𝒬,𝒟) clearly (𝒬,𝒟) Í	cl (𝒬,𝒟). 
2) Since the intersection of any number of Double I-
closed set is also Double I-closed set, so the Double 
closure of (𝒬,𝒟), being the intersection of its Double I-
closed contains is a Double I-closed set and containing of 
(𝒬,𝒟). Since the intersection of any number of Double I-
closed set is always a subset of each of Double I-closed 
set contain of (𝒬,𝒟). 
3) Suppose that (𝒬,𝒟)	 is Double I-closed to prove cl 
(𝒬,𝒟) = (𝒬,𝒟), since (𝒬,𝒟) ⊆ (𝒬,𝒟) → (𝒬,𝒟)	 is 
Double I-closed set containing of (𝒬,𝒟). But cl (𝒬,𝒟) is 
smallest Double I-closed set containing (𝒬,𝒟) (by (2))→ 
cl (𝒬,𝒟) Í (𝒬,𝒟) … (1). Also, by property (1) (𝒬,𝒟) Í 
cl (𝒬,𝒟) ... (2) From (1) and (2), we have cl (𝒬,𝒟)= 
(𝒬,𝒟).  
Conversely If (𝒬,𝒟) = cl (𝒬,𝒟), since cl (𝒬,𝒟) Double 
I-closed set →	(𝒬,𝒟) is also Double I-closed set. Hence 
the proof. 
4) Suppose that (𝒬,𝒟) Í	 (	𝒞, 𝒢) and	 (	𝒞, 𝒢)	Í	 cl (	𝒞, 𝒢) 
(by (1) (𝒬,𝒟) Í cl(𝒬,𝒟)) → (𝒬,𝒟) Í	 cl	 (	𝒞, 𝒢) (i.e.,	 cl	
(𝒬, 𝒟) is Double I-closed set containing (𝒬,𝒟). But cl 
(𝒬,𝒟) is smallest Double I-closed set containing (𝒬,𝒟). 
Therefore cl (𝒬,𝒟) Í	 cl	 (	𝒞, 𝒢) 	→	 if  (𝒬,𝒟) Í	 (	𝒞, 𝒢), 
then cl	(𝒬, 𝒟) Í	cl	(	𝒞, 𝒢) . 

5) Let  (𝒬,𝒟) Í	  (𝒬,𝒟) ∪	 (	𝒞, 𝒢) →	 cl	  (𝒬,𝒟) Í	 	 cl	
((𝒬, 𝒟) ∪	(	𝒞, 𝒢))		(by (4)) and	(	𝒞, 𝒢) Í	 (𝒬,𝒟) ∪	(	𝒞, 𝒢) 
→	cl	(	𝒞, 𝒢) Í	cl		

((𝒬, 𝒟) ∪	 (	𝒞, 𝒢))	 	 → cl  (𝒬,𝒟) ∪	cl (	𝒞, 𝒢) Í  cl 
((𝒬,𝒟) ∪	(	𝒞, 𝒢)) ..(1) We have  (𝒬,𝒟) Í cl (𝒬,𝒟) and 
(	𝒞, 𝒢) Í cl (	𝒞, 𝒢) (by property (1)) → (𝒬,𝒟)  ∪	(	𝒞, 𝒢) Í 
cl (𝒬,𝒟) ∪cl	 (	𝒞, 𝒢). i.e., cl (𝒬,𝒟) ∪	cl	 (	𝒞, 𝒢) is Double 
I-closed set containing  (𝒬,𝒟) ∪ (𝒞, 𝒢), but cl ((𝒬,𝒟) ∪ 
(	𝒞, 𝒢)) is smallest Double I-closed set of (𝒬,𝒟) ∪ (	𝒞, 𝒢). 
(by property (2)). Hence cl	 ((𝒬, 𝒟) ∪ (	𝒞, 𝒢)) Í cl 
(𝒬,𝒟) ∪cl	 (	𝒞, 𝒢)… (2) from (1) and (2), we have cl 
((𝒬,𝒟) ∪ (	𝒞, 𝒢))= cl (𝒬,𝒟) 	∪	cl (	𝒞, 𝒢). 

	6) To show that cl ((𝒬,𝒟) ∩	 (	𝒞, 𝒢)) Í cl (𝒬,𝒟) ∩	 cl	
(	𝒞, 𝒢) →  (𝒬,𝒟) ∩	 (	𝒞, 𝒢) Í  (𝒬,𝒟) → cl ((𝒬,𝒟) ∩	
(	𝒞, 𝒢)) Í cl (𝒬,𝒟)	 and	  (𝒬,𝒟) ∩	 (	𝒞, 𝒢) Í	 (	𝒞, 𝒢) →	cl	
((𝒬, 𝒟) ∩	(	𝒞, 𝒢)) Í	cl	(	𝒞, 𝒢).	So cl ((𝒬,𝒟) ∩	(	𝒞, 𝒢)) Í cl  
(𝒬,𝒟) ∩	cl	(	𝒞, 𝒢)	. 
7) Since each of ( Ӿ4 , Ӿ4 ), (∅4, ∅4) of cl (𝒬,𝒟) are Double I-
closed set and from (3) property,	 (𝒬, 𝒟) is Double I- 
closed set iff cl	(𝒬, 𝒟) = (𝒬,𝒟) → cl (Ӿ4 , Ӿ4 )=	(Ӿ4 , Ӿ4), cl 
(∅4, ∅4) = (∅4, ∅4) and cl (cl	(𝒬, 𝒟)) = cl(𝒬,𝒟) .   
 
Remark 4.6 The converse contains of property (4) is not 
true in general for example: 
 
Example 4.7  Let Ӿ ={	𝑔, ℎ, 𝑗};	𝛹	={(∅4,∅4), (Ӿ4,Ӿ4), (𝜆!, 𝜆"), 
(𝜆!, 𝜆/), (𝜆!, 𝜆0),	(𝜆!, 𝜆!)} where (𝜆!, 𝜆") = (〈𝑥, {𝑔}, {ℎ}〉	, 
〈𝑥, {𝑔, 𝑗}	, {ℎ}〉), (𝜆!, 𝜆/) = (〈𝑥, {𝑔}, {ℎ}〉, 〈𝑥, {𝑔}	, ∅〉), 
(𝜆!, 𝜆0) =	(〈𝑥, {𝑔}	, {ℎ}〉, 〈𝑥, {𝑔, 𝑗}	, ∅〉)	and (𝜆!, 𝜆!) = 
(〈𝑥, {𝑔}, {ℎ}〉, 〈𝑥, {𝑔}, {ℎ}〉). 𝛹c = {(∅4, ∅4) , (Ӿ4 , Ӿ4), (	𝜆". , 𝜆!.  ) 
, (𝜆/. , 𝜆!.), (	𝜆0. , 𝜆!.), (	𝜆!. , 𝜆!.)} where (	𝜆". , 𝜆!.) = 
(〈𝑥, {ℎ}, {𝑔, 𝑗}〉, 〈𝑥, {ℎ}	, {𝑔}〉),	(𝜆/. , 𝜆!.)	= 
〈𝑥, ∅, {𝑔}〉, 〈𝑥, {ℎ}, {𝑔}〉),	(	𝜆0. , 𝜆!.) =
(〈𝑥, ∅, {𝑔, 𝑗}〉, 〈𝑥, {ℎ}, {𝑔}〉)	𝑎𝑛𝑑	(	𝜆!. , 𝜆!.)	= 
(〈𝑥, {ℎ}, {𝑔}〉, 〈𝑥, {ℎ}, {𝑔}〉)	. Let (𝜆!, 𝜆!) and (𝜆3, 𝜆4)	 = 
	(〈𝑥, {𝑗}, {𝑔, ℎ}〉, 〈𝑥, {𝑗}	, {ℎ}〉) . Notes that cl(𝜆!, 𝜆!) Í cl 
(𝜆3, 𝜆4) but (𝜆!, 𝜆!) Ë  (𝜆3, 𝜆4).  
 
Remark 4.8 The converse of property (6) is not true: i.e., 
cl (𝒬,𝒟) ∩	cl	𝒞, 𝒢) Ë cl ((𝒬,𝒟) ∩	(𝒞, 𝒢)) . 
 
Example 4.9 Let  Ӿ = {	𝑎, 𝑏, 𝑐} ; 𝛹 ={(∅4, ∅4), (Ӿ4 , 
Ӿ4), (𝘴", 𝘴!),(∅4,𝘴!),(∅4,𝘴/)} where	{∅4, 𝘴!| =
(〈𝑥, ∅, Ӿ〉, 〈𝑥, {𝑎, 𝑏}, ∅〉), (𝘴", 𝘴!) = (〈𝑥, {𝑎}, {𝑏}〉,
〈𝑥, {𝑎, 𝑏}	, ∅〉), {∅4, 𝘴/| = (〈𝑥, ∅, Ӿ〉, 〈𝑥, {𝑎, 𝑏}, {𝑐}〉). 
𝛹c = {(∅4,∅4) , (Ӿ4 ,Ӿ4), (𝘴!. , 𝘴".) , (𝘴!. , Ӿ4) , (𝘴/. , Ӿ4)} 
where (𝘴!. , 𝘴".)= 〈𝑥, ∅, {𝑎, 𝑏}〉,〈𝑥, {𝑏}, {𝑎}〉),(𝘴!. , Ӿ4)	= 
(〈𝑥, ∅, {𝑎, 𝑏}〉, 〈𝑥, Ӿ	, ∅〉) ,	(𝘴/. , Ӿ4)	= 
〈𝑥, {𝑐}, {𝑎, 𝑏}〉, 〈𝑥, Ӿ	, ∅〉)	. Let 
(𝘴0, 𝘴3)	=	(〈𝑥, {𝑐}, {𝑏}〉, 〈𝑥, {𝑎, 𝑐}	, {𝑏}〉) and let 
(𝘴". , 𝘴!)	= (〈𝑥, {𝑏}, {𝑎}〉,〈𝑥, {𝑎, 𝑏}, ∅〉).  Clear (𝘴0, 𝘴3) 
∩	(𝘴". , 𝘴!)= (〈𝑥, ∅, {𝑎, 𝑏}〉,〈𝑥, {𝑎}, {𝑏}〉)	→	cl ((𝘴0, 𝘴3) 
∩	(𝘴". , 𝘴!)) = (𝘴!. , Ӿ4). But cl (𝘴0, 𝘴3) ∩	𝑐𝑙	(𝘴". , 𝘴!)	= 
(Ӿ4 ,Ӿ4).  
 Hence cl (𝘴0, 𝘴3) ∩	𝑐𝑙	(𝘴". , 𝘴!) Ë cl ((𝘴0, 𝘴3) 
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∩	(𝘴". , 𝘴!)) . 
 
Theorem 4.10 Let (Ӿ	, 𝛹) be a DITS and  (𝒬,𝒟) ,	
(	𝒞, 𝒢)	∈  
Double I (Ӿ). The following characterizations are hold: 

1) (𝒬,𝒟) is Double I-closed Û (𝒬,𝒟)/ 
Í (𝒬,𝒟).	

2) (𝒬,𝒟) Í (	𝒞, 𝒢)	 →(𝒬,𝒟)/ Í 	(	𝒞, 𝒢) / . 
3) (𝒬,𝒟) ∪ (𝒬,𝒟)/ is Double I-closed. 
4) ((𝒬,𝒟) 	∩	(	𝒞, 𝒢))	/ Í  (𝒬,𝒟)/ 	∩	(	𝒞, 𝒢)	 / . 
5) ((𝒬,𝒟) ∪	(	𝒞, 𝒢)	/ = (𝒬,𝒟)/ ∪ (	𝒞, 𝒢)	 / . 

 
Proof   1) Suppose that (𝒬,𝒟) is Double I-closed to prove 
that (𝒬,𝒟)	/ Í (𝒬,𝒟),	 so	 (𝔭d, 𝔭d) ∉ (𝒬,𝒟)	→	 (𝔭d, 𝔭d) ∈ 
(𝒬,𝒟)	c and (𝒬,𝒟)	c Double I-open, (𝔭d, 𝔭d) ∈ (𝒬,𝒟)c, 
(𝒬,𝒟)c ∩ (𝒬,𝒟)	 = (∅4, ∅4 ) →(𝔭d, 𝔭d) ∈ (𝒬,𝒟)	/ → (𝒬,𝒟)	/ 
Í (𝒬,𝒟)		. 
Conversely Suppose that (𝒬,𝒟)	/ Í (𝒬,𝒟)	 to 
prove	 (𝒬, 𝒟)	is Double I-closed, since (𝔭d, 𝔭d)∈ 
(𝒬,𝒟)	c →	(𝔭d, 𝔭d)∉ (𝒬,𝒟)	 →(𝔭d, 𝔭d) ∉ (𝒬,𝒟)	/ there 
exist Double I-open set (υ, ν)	 such that	 (𝔭d, 𝔭d) ∈	
(υ, ν)	  and (υ, ν)\ {(𝔭d, 𝔭d)} ∩ (𝒬,𝒟)	 =  (∅4,∅4)→ 
(υ, ν)	 ∩ (𝒬,𝒟) = (∅4, ∅4) → (υ, ν)	 Í (𝒬,𝒟)	c	
→(𝔭d, 𝔭d) ∈	(υ, ν)	 Í (𝒬,𝒟)	c	→ (𝔭d, 𝔭d)∈ int	(𝒬, 𝒟)	c. 
So (𝒬,𝒟)c Í  int	(𝒬, 𝒟)c, we know that int 
(𝒬,𝒟)c  Í  (𝒬,𝒟)c → int (𝒬,𝒟)	c = (𝒬,𝒟)	c is 
Double I-open ((by theorem 4.1(3)), (𝒬,𝒟)	is 
Double I-open Û 	(𝒬, 𝒟)	o = (𝒬,𝒟). 
Therefore	(𝒬, 𝒟)	) is Double I-closed. 
2) Since (𝔭d, 𝔭d) ∈ (𝒬,𝒟)c→	(𝔭d, 𝔭d) is Double limit 
point →$ Double I-open containing (𝔭d, 𝔭d) and 
contains at least one Double I-point set of 
(𝒬,𝒟) Í (𝒞, 𝒢)	 →(𝔭d, 𝔭d)	 ∈ (	𝒞, 𝒢) / →(𝒬,𝒟)/ Í 	
(	𝒞, 𝒢) /. 
3) i.e., (𝒬,𝒟) ∪ (𝒬,𝒟)/ is Double I-closed 
→((𝒬,𝒟) ∪ (𝒬,𝒟))c is Double I-open to prove 
that int ((𝒬,𝒟) ∪ (𝒬,𝒟)/ ) c = ((𝒬,𝒟) ∪ (𝒬,𝒟)/ )c  
so int ((𝒬,𝒟) ∪ (𝒬,𝒟)/)c  Í ((𝒬,𝒟)	∪ (𝒬,𝒟)/ 

)c…(1) 
To prove that ((𝒬,𝒟) ∪ (𝒬,𝒟)/) c Í int ((𝒬,𝒟) ∪ (𝒬,𝒟)/) 

c… (2). Let (𝔭d, 𝔭d)	∈ ((𝒬,𝒟) ∪ (𝒬,𝒟)/ )c →(𝔭d, 𝔭d) ∉ 
(𝒬,𝒟) ∪ (𝒬,𝒟)/ →(𝔭d, 𝔭d) ∉ (𝒬,𝒟) and (𝔭d, 𝔭d) ∈ (𝒬,𝒟)/ $ 
Double I-open set (υ, ν) such that (𝔭d, 𝔭d) ∈ (υ, ν),	  (υ, ν)	\ 

{(𝔭d, 𝔭d)}∩(𝒬,𝒟) =  (∅4,∅4) → (υ, ν)	∩	(𝒬, 𝒟) =  (∅4,∅4). (υ, ν) 
∩	(𝒬, 𝒟) ∪ (𝒬,𝒟)/ = 	(υ, ν) ∩ (𝒬,𝒟) 	∪  (	υ, ν) ∩ 
(𝒬,𝒟) /=  (∅4,∅4) → (υ, ν)  Í ((𝒬,𝒟) ∪ (𝒬,𝒟)/)c  and (𝔭d, 𝔭d) 
∈ int ((𝒬,𝒟) ∪ (𝒬,𝒟)/ )c . 
((𝒬,𝒟) 	∪ (𝒬,𝒟)/)c Í  int((𝒬,𝒟) 	∪ (𝒬,𝒟)	/)c→	((𝒬, 𝒟) ∪
(𝒬,𝒟)	/)c =  int	((𝒬, 𝒟) 	∪ (𝒬,𝒟)	/)c → ((𝒬,𝒟) 	∪
(𝒬,𝒟)	/)c is Double I-open set  →	(𝒬, 𝒟) 	∪ (𝒬,𝒟)	/ is 
Double I-closed  set . 
4)Since	(𝒬, 𝒟) 	∩ (𝒞, 𝒢)	Í	(𝒬, 𝒟) 	→ ((𝒬,𝒟) 	∩
(𝒞, 𝒢)/ Í (𝒬,𝒟)	/,(𝒬,𝒟) 	∩ (𝒞, 𝒢)Í (𝒞, 𝒢) →
((𝒬,𝒟) ∩ 	(𝒞, 𝒢))	/ Í (𝒞, 𝒢)  / → ((𝒬,𝒟) 	∩	(𝒞, 𝒢))	/ 

Í (𝒬,𝒟)	 /	∩	(𝒞, 𝒢)/.	 
5)	(𝒬, 𝒟)	Í	(𝒬, 𝒟) 	∪	(𝒞, 𝒢) → (𝒬,𝒟)/ Í		((𝒬, 𝒟) 	∪	
(𝒞, 𝒢))/,(𝒞, 𝒢) Í	(𝒬, 𝒟)	∪ (𝒞, 𝒢) → (𝒞, 𝒢)	 /	

Í	((𝒬, 𝒟)	∪	 (𝒞, 𝒢))	 /→ (𝒬,𝒟)/	∪	 (𝒞, 𝒢)/ 
Í	((𝒬, 𝒟)	∪	(𝒞, 𝒢))	/	… (1) 
to prove that	((𝒬, 𝒟) 	∪	(𝒞, 𝒢))/ Í	(𝒬, 𝒟)/	∪	(𝒞, 𝒢)	 /	 	 . Let  
(𝔭d, 𝔭d)∈ ((𝒬,𝒟) 	∪ (𝒞, 𝒢))/ → $ Double I-open set (υ, ν) 
such that (𝔭d, 𝔭d)	∈ (υ, ν)	 Ù (υ, ν)\ {(𝔭d, 𝔭d)} ∩	((𝒬, 𝒟) 	∪
(𝒞, 𝒢)) ≠ (∅4,∅4) → (υ, ν)\ {(𝔭d, 𝔭d)} ∩	(𝒬, 𝒟) ∪ (υ, ν)	 \ 
{(𝔭d, 𝔭d) }∩ (𝒞, 𝒢)) ≠ (∅4, ∅4) → (υ, ν)	 \ {(𝔭d, 𝔭d) } ∩ 
(𝒬,𝒟)		 ≠ (∅4, ∅4) or (υ, ν) \ {(𝔭d, 𝔭d)} ∩  
 
(𝒬,𝒟) 	≠ (∅4,∅4), so (𝔭d, 𝔭d)	∈	(𝒬, 𝒟)	/ or (𝔭d, 𝔭d)	 ∈	 (𝒞, 𝒢)/ 
→	(𝔭d, 𝔭d)	∈	(𝒬, 𝒟)	/	∪ (𝔭d, 𝔭d)	∈	(𝒞, 𝒢)/ →	(𝔭d, 𝔭d)	∈		(𝒬, 𝒟)	/	∪  
 
(𝒞, 𝒢)/, hence ((𝒬,𝒟) 	∪	 (𝒞, 𝒢))/ Í 	(𝒬, 𝒟)	/	∪	 (𝒞, 𝒢)	
/…(2) from (1) and (2),  we have ((𝒬,𝒟) ∪	 (𝒞, 𝒢))	 /= 
(𝒬,𝒟)/ 	∪	(𝒞, 𝒢)/.  
 
Remark 4.11 The converse of property (2) is not true: i.e., 
(𝒬,𝒟)/ Í (𝒞, 𝒢) /⇏ (𝒬,𝒟)	Í (𝒞, 𝒢). For example: 
 
Example 4.12 Let  Ӿ ={	𝑣, 𝑘, 𝑜	}; 𝛹 = {(∅4, ∅4) , (Ӿ	4  , Ӿ	4 ), 
(𝐿!, 𝐿") , (𝐿/, 𝐿0),(𝐿0, Ӿ	4 	), (𝐿3, 𝐿!)} where (𝐿!, 𝐿") =  
(〈𝑥, {𝑜}, {𝑣, 𝑘}〉, 〈𝑥, {𝑣, 𝑜}, {𝑘}〉),  (𝐿/, 𝐿0) = 
(〈𝑥, {𝑘}, {𝑣}〉, 〈𝑥, {𝑘, 𝑜}, {𝑣}〉),	(𝐿0, Ӿ	4)	= 
(〈𝑥, {𝑘, 𝑜}, {𝑣}〉,〈x,	Ӿ ,	∅〉)  and (𝐿3, 𝐿!) =
(〈𝑥, ∅	, {𝑣, 𝑘}〉, 〈𝑥, {𝑜}, {𝑣, 𝑘}〉).		Let	(𝐿4, 𝐿0) = 
(〈𝑥, {𝑜}, {𝑣}〉,〈𝑥, {𝑘, 𝑜}	, {𝑣}〉) and (𝐿", 𝐿") = 
(〈𝑥, {𝑣, 𝑜}, {𝑘}〉, 〈𝑥, {𝑣, 𝑜}, {𝑘}〉) to find the Double limit 
point of any Double I-set must choose every Double I-
open sets for every Double I-point in Ӿ and notes satisfy 
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the definition or not. 
 (𝑣d,𝑣d) = (〈𝑥, {𝑣}, {𝑘, 𝑜}〉,〈𝑥, {𝑣}	, {𝑘, 𝑜}〉)	 ∈ Ӿ and the 
Double I-set containing (𝑣d,𝑣d) is (Ӿ	4 ,Ӿ	4 ) only. 
(𝑘�  ,𝑘�) = (〈𝑥, {𝑘}, {𝑣, 𝑜}〉,〈𝑥, {𝑘}	, {𝑣, 𝑜}〉)	 ∈ Ӿ and the 
Double I-set containing (𝑘�,𝑘�) are (Ӿ	4 ,Ӿ	4 ), (𝐿/, 𝐿0) and 
(𝐿0, Ӿ	4 ). 
(𝑜d,𝑜d) =	(〈𝑥, {𝑜}, {𝑣, 𝑘}〉,〈𝑥, {𝑜}	, {𝑣, 𝑘}〉)	 ∈	 	 Ӿ and the 
Double I-set containing (𝑜d,𝑜d) are (Ӿ	4 ,Ӿ	4 ), (𝐿!, 𝐿" ) and 
	(𝐿0, Ӿ	4 	).  Notes that (Ӿ	4 , Ӿ	4 ) \ {((𝑣d,𝑣d)} ∩ (𝐿4, 𝐿0)  = 
(𝐿4, 𝐿0) → (𝑣d, 𝑣d)	∈ (𝐿4, 𝐿0)/. 
Notes that (𝐿/, 𝐿0) \ {((𝑘� ,𝑘�)} ∩ (𝐿4, 𝐿0)	 = 
(〈𝑥, ∅, {𝑣, 𝑘}〉, 〈𝑥, {𝑜}, {𝑣, 𝑘}〉) ∩ (𝐿4, 𝐿0) = (𝐿3, 𝐿!). 
Notes that (𝐿0, 𝑣d�	)\ {((𝑘� ,𝑘�)} ∩ (𝐿4, 𝐿0)	= 
(〈𝑥, {𝑜}, {𝑣, 𝑘}〉, 〈𝑥, {𝑜}, {𝑣, 𝑘}〉)	∩ (𝐿4, 𝐿0)= (𝐿!, 𝐿!) → 
(𝑘� ,𝑘�)	∈ (𝐿4, 𝐿0)/ .  Notes that (Ӿ4,Ӿ4) \ {(𝑜d ,𝑜d)} ∩	(𝐿4, 𝐿0)	 
=	(𝐿5, 𝐿6).		Notes that	(𝐿!, 𝐿") \ {(𝑜d ,𝑜d)} ∩ (𝐿4, 𝐿0)	= 
(∅4,∅4) → (𝑜d,𝑜d)	∉	(𝐿4, 𝐿0)/ . Therefore (𝐿4, 𝐿0)/	=	{(𝑣d,𝑣d)	,	(𝑘�  
, 𝑘�)}.  
To find (𝐿", 𝐿")/. Notes that (Ӿ4 ,	Ӿ4) \ {((𝑣d,𝑣d)} ∩ (𝐿", 𝐿")  
= (𝐿!, 𝐿!) → (𝑣d, 𝑣d)	∈ (𝐿", 𝐿") /.	
Notes that (Ӿ4 ,	Ӿ4 ) \ {((𝑘� ,𝑘�)} ∩ (𝐿", 𝐿")  = (𝐿", 𝐿") .Notes 
that (𝐿/, 𝐿0) \ {((𝑘� ,𝑘�)} ∩ (𝐿", 𝐿")	 = (𝐿3, 𝐿!). 
Notes that (𝐿0, Ӿ4	) \ {((𝑘� ,𝑘�)} ∩ (𝐿", 𝐿")	 = (𝐿!, 𝐿") ∩ 
(𝐿", 𝐿") = (𝐿!, 𝐿") → (𝑘� ,𝑘�)	∈ (𝐿", 𝐿")	/.  
Notes that (Ӿ4,Ӿ4) \ {(𝑜d,𝑜d)} ∩ (𝐿", 𝐿")	=	(𝐿0. , 𝐿0. ). Notes 
that	(𝐿!, 𝐿") \ {(𝑜d,𝑜d)} ∩ (𝐿", 𝐿")	= (∅4, 𝐿0. ) . 
Notes that (𝐿0, Ӿ4	) \ {((𝑜d,𝑜d)} ∩ (𝐿", 𝐿")	= (∅4, 𝐿0. ) → (𝑜d,𝑜d)	
∈ (𝐿", 𝐿")	/. Therefore (𝐿", 𝐿")/	 =	 {(Ӿ4,Ӿ4)}. Hence 
	(𝐿4, 𝐿0) /  Í 	(𝐿", 𝐿")	/ but (𝐿4, 𝐿0) Ë 		(𝐿", 𝐿")	.  
           
Remark 4.13 The converse of property (4) is not 
true in general i.e., (𝒬,𝒟) / 	∩ (𝒞, 𝒢) / Ë ((𝒬,𝒟) 	∩	
(𝒞, 𝒢))	/ : 
 
Example 4.14 Recall Example 4.12, we see that 
	(L", L") / 	∩	(L"' , L"' )/ Ë ((L", L") ∩ (L"' , L"' )) / .  
Let	(L"' , L"' ) = (〈x, {k}, {v, o}〉,〈x, {k}, {v, o}〉) to find the 
Double limit point of any Double I-set. Notes that (Ӿ	4 , Ӿ	4 ) 
\ {((v,vd)} ∩ (L"' , L"' )	 = (L"' , L"' )	 → (vd, vd)	∈ (L"' , L"' )/.  
Notes that (Ӿ	4  ,Ӿ	4 ) \ {((k�,k�)} ∩ (L"' , L"' ) =(∅4, ∅4) → (k�, k�)	∉  
 
(L"' , L"' )	/. Notes that (Ӿ	4 , Ӿ	4 ) \ {(od ,od)} 
∩	(L"' , L"' )	=	(L"' , L"' )  . 

 
Notes that	(L!, L") \ {(od ,od)} ∩ (L"' , L"' )	=	(∅4,∅4) → (od, od)	∉ 
(L"' , L"' )	/. Therefore (L"' , L"' )/ = {(vd, vd)}	 and (L", L")/	 =	
{(Ӿ	4 ,Ӿ	4)}, then (L", L") )/ ∩ (L"' , L"' )/ = {(vd, vd)} to find 
((L", L") ∩ (L"' , L"' ))/, since ((L", L") ∩ (L"' , L"' ))=	(∅4, ∅4). 
By remark 3.7 (1) if	(𝒬, 𝒟)) = (∅4,∅4) Í Ӿ  →	(	∅4 , ∅4 ) / 

=(	∅4 ,∅4) . Hence ((L", L") ∩ (L"' , L"' ))/ =	(∅4,∅4).  
 
Theorem 4.15 Let (Ӿ,Ψ) be a DITS and (𝒬,𝒟)	∈ Double I 
(Ӿ). Then cl (𝒬,𝒟) =  (𝒬,𝒟) ∪ (𝒬,𝒟) /. 
 
Proof To prove that cl (𝒬,𝒟) = (𝒬,𝒟) ∪ (𝒬,𝒟) /, we must 
prove cl (𝒬,𝒟) Í  (𝒬,𝒟) ∪ (𝒬,𝒟) / Ù	(𝒬, 𝒟) ∪ (𝒬,𝒟)	/ Í  
cl (𝒬,𝒟)	.		Since (𝒬,𝒟) ∪ (𝒬,𝒟)	/ is Double I-closed ((by 
theorem 4.10 (3))) 
And containing (𝒬,𝒟), cl (𝒬,𝒟) Í  (𝒬,𝒟) ∪ (𝒬,𝒟) /…. 
(1). To prove (𝒬,𝒟) ∪ (𝒬,𝒟)	/ Í cl (𝒬,𝒟).	 Since (𝒬,𝒟) 
Í cl (𝒬,𝒟) → (𝒬,𝒟) / Í  (cl (𝒬,𝒟)) / Í  cl (𝒬,𝒟)  (by 
theorem 4.10 (1)) → (𝒬,𝒟) / Í cl (𝒬,𝒟)→ (𝒬,𝒟) ∪
(𝒬,𝒟)	/ Í cl(𝒬,𝒟)… (2) from (1) and (2), we have cl 
(𝒬,𝒟)= (𝒬,𝒟) ∪ (𝒬,𝒟)/ . 
 

5 - CONCLUSIONS: 
      In this paper, we got the following results: 

1) We have introduced a new set of the following 
concepts: Double intuitionistic set (Double IS) 
(resp., Double intuitionistic topological spaces 
(DITS), Double I-point, Double I-interior set, 
Double I closure set and Double I limit point) in 
DITS . 

2)  Study the basic characteristics and qualities 
related to these types and the relationships between 
them and giving examples is incorrect. 
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 تاقیبطتلا ضعب عم ةجودزملا ةیسدحلا ةحوتفملا تاعومجملا   

 مساج دیمح ھط و  *فوؤر بوصغ ءامسأ

 قارعلا ،تیركت ةعماج ،تایضایرلاو بوساحلا مولع ةیلك ،تایضایرلا مسق

asmaa.g.raoof35423@st.tu.edu.iq 

 :ةصلا#لا

 تاع.,:,لا )Eب تاقلاعلا ةسارد I,ت .ةجودF,لا ةEسC1لا ةح.?ف,لا تاع.,:,لا يهو ةح.?ف,لا تاع.,:,لا )م ة1ی1ج ة5ف 123قت .ه ل,علا ا*ه )م ض$غلا

 ة2اغلا ةXقنو جودF,لا يسC1لا قلاغلإا ةع.,:مو ةجودF,لا ةEسC1لا ةEلخا1لا ةع.,:,لا Qلذ يف ا,O ةجودF,لا ةEسC1لا تاع.,:,لاو جودF,لا يسC1لا ةح.?ف,لا

 ةع.,:,لا تافe$عت 123قت 3ت ا2cًأ ، م.هفم ل_ل تا^حلا,لا )م 1ی1علاو ةفل?[م ةل\مأ 123قت 3تو ةجودF,لا ةEسC1لا ةEج.ل.Z?لا تاحاY,لا يف ةجودF,لا ةEسC1لا

 ، 1ی1:لا ءاcفلا ا*هل ةEساسلأا ةg^$eلا 123قت عم ةجودF,لا ةEسC1لا ةEج.ل.Z?لا تاحاY,لا ىلع اه,E,ع?ب اg,ق ، Qل*ل  ةماع ةEج.ل.Zت تاءاcف يف ةجودF,لا

 اCECًص Esل rsعلا نأ ةاعا$م عم ةل\ملأا )م 1ی1علا عم لEلo p1لا\لا Y3قلا يف اه,12قت 3?ی ي?لا E3هاف,لا ه*هب ةقلع?,لا ةEساسلأا mئاk[لاو تافkلا )م 1ی1علاو

 . عOا$لا Y3قلا يف ه^حلان امو اهض$ع 3ت ي?لا mئاk[لا ه*ه ىلع لEلد ل_ل
 


