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Introduction  

The fractional order integro differential field is a 

rapidly growing field in both theory and applications, 

it is natural to study the numerical solution fractional 

integro differential equation [1, 2, 8].  We are 

concerned with providing a numerical scheme for the 

solution of fractional integro-differential equations of 

the general form: 
𝑑𝛼𝑦

𝑑𝑥𝛼 = 𝑔(𝑥) + ∫ 𝑘(𝑥, 𝑡, 𝑦(𝑡))
𝑏

𝑎
𝑑𝑥 (1.1) 

Subject to the initial conditions 

𝑦(𝑖)(0) = 𝑐𝑖, 𝑖 = 0,1,2, ⋯ , 𝑚 − 1  (1.2) 

where 𝑚 − 1 < 𝛼 ≤ 𝑚 and 𝑚 ∈ ℕ. 

 In this paper we consider 
𝑑𝛼𝑦

𝑑𝑥𝛼 = 𝑔(𝑥) + ∫ 𝑘(𝑥, 𝑡)𝑦(𝑡)
𝑏

𝑎
𝑑𝑡    (1.3) 

subject to the initial conditions 

 𝑦(0) = 𝑐0,            (1.4) 

where 0 < 𝛼 ≤ 1 

 The Adomian decomposition method [3] will 

be applied for computing solutions to the fractional 

integro-differential equations (1.1)-(1.4).  The 

Adomian decomposition method has many advantages 

over the classical techniques mainly, it avoids 

discretization and provide an efficient numerical 

solution with high accuracy and minimal calculations 

[5],[6]. 

 We begin by introducing some necessary 

definitions and mathematical preliminaries of the 

fractional calculus theory which are required for  
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establishing our results.  In section 3 we extend the 

application of the decomposition method to construct 

our numerical solutions for the integro differential 

equations (1.1)-(1.2).  While the linear case were 

discussed in section 4. 

 

Preliminaries and notations 

This section is devoted to a description  of the 

operational properties of the purpose of acquainting 

with sufficient fractional calculus theory, to enable us 

to follow the solutions for the problem given in this 

paper.  Many definitions and studies of fractional 

calculus have been proposed in last two centuries. 

Definition 2.1 Let 𝛼 ∈ ℝ+.  The operator 𝐽𝑎
𝛼, 

defined on the usual Lebesque space 𝐿1[𝑎, 𝑏] by  

𝐽𝑎
𝛼𝑓(𝑥) =

1

Γ(𝛼)
∫ (𝑥 − 𝑡)𝛼−1

𝑥

𝑎

𝑓(𝑡)𝑑𝑡 

𝐽𝑎
0𝑓(𝑥) = 𝑓(𝑥) 

For 𝑎 ≤ x ≤ 𝑏, is called the Riemann-Liouville 

fractional integral operator of order 𝛼. 

Properties of the operator 𝐽𝑎
𝛼 can be found in [7], 

we mention the following : 

For 𝑓 ∈ 𝐿1[𝑎, 𝑏], 𝛼, 𝛽 ≥ 0 and 𝛾 > −1 

1. 𝐽𝑎
𝛼𝑓(𝑥) exists for almost every 𝑥 ∈ [𝑎, 𝑏]. 

2. 𝐽𝑎
𝛼𝐽𝑎

𝛽
𝑓(𝑥) = 𝐽𝑎

𝛼+𝛽
𝑓(𝑥). 

3. 𝐽𝑎
𝛼𝐽𝑎

𝛽
𝑓(𝑥) = 𝐽𝑎

𝛽
𝐽𝑎

𝛼𝑓(𝑥). 

4. 𝐽𝑎
𝛼(𝑥 − 𝛼)𝛾 =

Γ(𝛾+1)

Γ(𝛼+𝛾+1)
(𝑥 − 𝛼)𝛼+𝛾. 

The Riemann-Liouville derivative has certain 

disadvantages when trying to model real-world 

phenomena with fractional differential equations.  
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Therefore we shall introduce a modified fractional 

differential operator 𝐷𝛼 proposed by M. Caputo in his 

work on the theory of viscoelasticity [4, 9]. 

Definition 2.2 The fractional derivative of 𝑓(𝑥) in the 

Caputo sense is defined as 

𝐷𝛼𝑓(𝑥) = 𝐽𝑚−𝛼𝐷𝛼𝑓(𝑥) 

=
1

Γ(𝑚−𝛼)
∫ (𝑥 − 𝑡)𝑚−𝛼−1𝑥

0
𝑓(𝑡)𝑑𝑡 (2.1) 

for 𝑚 − 1 < 𝛼 ≤ 𝑚 and 𝑚 ∈ ℕ, 𝑥 > 0. 

Also, we need here two of its basic properties. 

Lemma 2.1 

If 𝑚 − 1 < 𝛼 ≤ 𝑚  and 𝑓 ∈ 𝐿1[𝑎, 𝑏],  then 

𝐷𝑎
𝛼𝐽𝑎

𝛼𝑓(𝑥) = 𝑓(𝑥). 

and 

𝐽𝑎
𝛼𝐷𝑎

𝛼𝑓(𝑥) = 𝑓(𝑥) − ∑ 𝑓(𝑖)(0+)
(𝑥−𝑎)𝑖

𝑖!
𝑚−1
𝑖=0 , 𝑥 > 0.  

In this case of 𝑓(𝑥) = (𝑥 − 𝑎)𝛾 we have 

𝐷𝑎
𝛼𝑓(𝑥) =

Γ(𝛾+1)

Γ(𝛼−𝛾+1)
(𝑥 − 𝛼)𝛾−𝛼. 

 

3 Analysis of the numerical method 

The decomposition method [3,10,11] requires that the 

fractional integro-differential equation (1.1) be 

expressed in term of operator form as: 

𝐷𝑎
𝛼𝑦(𝑥) + 𝐿𝑦(𝑥) + 𝑁𝑦(𝑥) = 𝑔(𝑥),  (3.1) 

where L is a linear operator which may include other 

fractional derivatives of order less than 𝛼, N is a 

nonlinear which also may include other fractional 

derivatives of order less than 𝛼 and the fractional 

operator 𝐷𝑎
𝛼 is defined as in equation (2.1) denoted by  

𝐷𝑎
𝛼 =

𝑑𝛼

𝑑𝑥𝛼.  

 The method is based on applying the operator 

−𝐽𝛼 = 𝐽0
𝛼 , the inverse of the operator 𝐷𝑥

𝛼 , formally to 

the expression 

𝐷𝑥
𝛼𝑦(𝑥) = 𝑔(𝑥) − 𝐿𝑦(𝑥) − 𝑁𝑦(𝑥).  (3.2) 

Following Adomian, we write 

𝑁𝑦 = ∑ 𝐴𝑘
∞
𝑘=0  and  

𝑦(𝑥) = ∑ 𝑦𝑘(𝑥)∞
𝑘=0 , (3.3) 

where 𝐴𝑘 are so called Adomian polynomials. 

 Now operating with 𝐽𝛼 on both sides of (3.2) 

yields 

𝑦(𝑥) = ∑ 𝑦(𝑖)(0+)
𝑥𝑖

𝑖!
𝑚−1
𝑖=0 +

                 𝐽𝛼𝑔(𝑥)−𝐽𝛼𝐿𝑦(𝑥)−𝐽𝛼𝑁𝑦(𝑥).  

         (3.4) 

 Inserting (3.3) into (3.4), we define  

𝑦0(𝑥) = ∑ 𝑦(𝑖)(0+)
𝑥𝑖

𝑖!
𝑚−1
𝑖=0 + 𝐽𝛼𝑔(𝑥). 

where 𝑔(𝑥) is the source term in (1.1). 

 Now we define successively  

𝑦1 = −𝐽𝛼𝐿𝑦0−𝐽𝛼𝐴0 

𝑦2 = −𝐽𝛼𝐿𝑦1−𝐽𝛼𝐴1 

𝑦3 = −𝐽𝛼𝐿𝑦2−𝐽𝛼𝐴2 

and so on. 

As a result, the series solution is given by 

 𝑦(𝑥) = ∑ 𝑦𝑘(𝑥)∞
𝑘=0 .         (3.5) 

Define the 𝛾-term approximation solution as 

𝜙𝛾 = ∑ 𝑦𝑘(𝑥)
𝛾−1
𝑘=0 ,         (3.6) 

And the exact solution y(x) is given by 

𝑦(𝑥) = lim
𝛾→∞

𝜙𝛾          (3.7) 

The Adomian polynomial can be calculated 

for all forms of nonlinearity 𝜙(𝑦) according to 

specific algorithms constructed by Adomian.  The 

general form of formula for 𝐴𝑘 Adomian polynomials 

as  

𝐴𝑘 =
1

𝑘!
[

𝑑𝑘

𝑑𝜆𝑘 𝜙(∑ 𝜆𝑖𝑦𝑖
∞
𝑖=0 )]

𝜆=0
. 

This formula is easy to compute by using 

Mathematica software or by setting a computer code to 

get as many polynomials as we need in the 

calculations of the numerical as well as explicit 

solution.  The first few terms of the Adomian 

polynomials for the nonlinear function 𝑁𝑦 = 𝜙(𝑦) are 

derived as follows 

𝐴0 = 𝜙(𝑦0) , 

𝐴1 = 𝑦1𝜙(1)(𝑦0), 

𝐴2 = 𝑦2𝜙(1)(𝑦0) +
𝑦1

2

2!
𝜙(2)(𝑦0), 

𝐴3 = 𝑦3𝜙(1)(𝑦0) + 𝑦1𝑦2𝜙(2)(𝑦0) +            
𝑦1

3

3!
𝜙(3)(𝑦0) 

. 

Linear fractional integro differential equations 

To use the decomposition method we need to 

rewrite the fractional integro-differential equation 

(1.3) in term of operator form as: 

𝐷𝑎
𝛼𝑦(𝑥) + 𝐿𝑦(𝑥) + 𝑁𝑦(𝑥) = 𝑔(𝑥),  (4.1) 

where L is a linear operator which may include other 

fractional derivatives of order less than 𝛼, N is a 

nonlinear which also may include other fractional 

derivatives of order less than 𝛼 and the fractional 

operator 𝐷𝑎
𝛼 is defined as in equation (2.1) denoted by  

𝐷𝑎
𝛼 =

𝑑𝛼

𝑑𝑥𝛼.  

Applying the operator 𝐽𝛼 = 𝐽0
𝛼  , formally to the 

expression 

𝐷𝑥
𝛼𝑦(𝑥) = 𝑔(𝑥) − 𝐿𝑦(𝑥).        (4.2) 

Following Adomian, we write 

𝑦(𝑥) = ∑ 𝑦𝑘(𝑥)∞
𝑘=0 ,       (4.3) 

 Now operating with 𝐽𝛼 on both sides of (4.2) 

yields 
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𝑦(𝑥) = 𝑦(0) + 𝐽𝛼𝑔(𝑥)−𝐽𝛼𝐿𝑦(𝑥).     (4.4) 

 Inserting (4.3) into (4.4), we define  

𝑦0(𝑥) = 𝑦(0) + 𝐽𝛼𝑔(𝑥), 

where 𝑔(𝑥) is the source term in (1.3). 

 Now we define successively  

𝑦1 = −𝐽𝛼𝐿𝑦0 

      = −𝐽𝛼 [∫ 𝑘(𝑥, 𝑡)𝑦0(𝑡)
𝑏

𝑎

𝑑𝑡] 

𝑦2 = −𝐽𝛼𝐿𝑦1 

     = −𝐽𝛼 [∫ 𝑘(𝑥, 𝑡)𝑦1(𝑡)
𝑏

𝑎

𝑑𝑡] 

𝑦3 = −𝐽𝛼𝐿𝑦2 

      = −𝐽𝛼 [∫ 𝑘(𝑥, 𝑡)𝑦2(𝑡)
𝑏

𝑎

𝑑𝑡] 

⋮ 

and so on. 

As a result, the series solution is given by 

 𝑦(𝑥) = ∑ 𝑦𝑘(𝑥)∞
𝑘=0 .         (4.5) 

Define the 𝛾-term approximation solution as 

𝜙𝛾 = ∑ 𝑦𝑘(𝑥)
𝛾−1
𝑘=0 ,         (4.6) 

And the exact solution y(x) is given by 

𝑦(𝑥) = lim
𝛾→∞

𝜙𝛾 .           (4.7) 
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