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1. INTRODUCTION Let [a,b] be a compact interval and f : [a,b] — R*
Let x = [—m,m] be closed intervals, Lp ([—T, t])we a function, f'is piecewise monotone if and only if there exists a
can be define as the space of all bounded function on y, with partition @ =t; <t, <tg < oveeeees <ty = b, on [a,b] and
the norms. a,b will be called the topes of f, such that f; = f |, ¢, 18
1 - _
If ”p = (LIf |7’dt)5 < monotone forallZ =1,2 ......... k—1.

The aim of this paper is discuss piecewise monotone
approximation of unbounded functions in weighted space
by some types of efficient polynomials. An example[1], [2]

Let CO(w) be the set of all weighted function on y, a
weighted function can be written. The follows w : y — R*

such  that ‘ f(@®) | <M/w(t), w>0,MeR", w() € and [3]. The strongest results are by [4], [5], [6] and [7]. In
C(w) and Ly, ([-m m]), is the space of all unbounded 2011, kopotun [8], introduce the point wise shape which
functions on yx, which are equipped the norms. preserving approximation of function by algebraic

polynomials. In fact Dzyubenko [9] and Leviatan [10] have
obtain  interpolatory estimates in monotone piecewise
polynomial approximation and both of them shown good
result in monotone approximation.

. ) ) So, we can define the operator as:
*Corresponding author at Department of Mathematics/College of Education sinkt/2 -
( )4; Where ge=J_(
=T

1
for pure science/University of Anbar, E-mail address: GK(t) = — sint/
2
And 3 < g, <2mid.

1
If llpw = Uxlf(@®).w(t) [Pd)P < oo

Let T, be the set Which contains any polynomials of
degree less than or equal to k.
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2. Auxiliary Lemmas
Lemma 2.1. The operator G, (t) has the following properties:
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(1) Ifkiseven, 0 < B < T, then

" G di< [P vdt.
(i) if, 0 < B < 1T/2 , then

f G(D) dt <

383 :
Where ( is positive constant of real numbers.

Proof: (i) We take 0 <B<T/,;

G, (t) is an even periodic and we have

[T Ge(® dt = [T Gy(®) dt .

So, [P[Ge(®) = Ge(t+m]dt = [ G (1) dt—
P60 dt L1
T/, <B <, Then
I G dt— [T,
J Ge(®dt
From (2.1) and (2.2) we obtain

Also, if
G (Hdt = f;_B G (t)dt —

. (22)

/" Ge®dt < [P G dt,

(i) Let 0 <B <™/, . Then,since ©* < g, < 2mK’.

dt.

t/2 1
SO: fB‘IT GK(t) dt K3 IB San )4dt K3 f‘IBT (Sint/z)‘l'

Now, for 0 <t<m. sin t/2 > t/2, hence
m -1 1 C
f (t)dtS Bt4dt:¥[ﬁ ﬁ]s_}@w

And this lemma is proving.

3. Main results
Theorem 3.1 :

Lett €/[—m,m],f € Lp,([-m, m]),1 < P < oo Periodic
function. Then there exist trigonometric polynomial g, of
order leas than or equal to k, such that

¢
If = Gullpp <&
Proof. we can choose g, (t) = g, (t + 2xm), x = 1,2 ...... and

G(® = [ G (B)f(t—4) db

, where C is positive constant.

Since f Periodic function, we have
a(® = 7, GBI — ) db = [
J«t+1T

So,

G (B)f(t — 6)db —
G (B)f(t — &) db
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G ® =[G (8)db —mft—m) — [ G () db —
mf(t + 1)
= [ G(&)db — [

We can take 0 < t < T, and G (&) is an periodicity. From

t+1

G (&) d&

Lemma 2.1, we obtain
G ® =2[; G(&)d6 — 2 [T,
2[; G(&)db >

G () 20
Also, for —mt < t < 0, we obtained g (t) < 0, g, (t) non-

G (&) d&

Since, 2 [7, G(#)d&

Implies

negative and,
¢

g —fl =0, implies ||g, — -

fllp,w =

Theorem 3.2:
Let g, (t) be a monotone function in Lp ,,, ([— g, ED Then
there exist a piecewise linear operator [, such that

g = Fllpw =

constant.
Proof. Let —= =t; < t, < t; <
2

M ax(F), where C is positive

We need to make the g, € T}, such that satisfying

(64
.F”p,w = ; Max(.F)

”%x -
Let £, = p“;’"”,/@ = pi_;”_l :Fori=12.......,k— 1.
Thus,
F®) = K+
seip e -, |
..(3.D

Where—§=sl<sz<s3< ~~~~~~~~ <sk=§and"Kis
constant.

Let g be defined by theorem (1) and, let
% () =K+
o Ria(t—s,)
.. (32

Whereg,. € Ty . So, from (3.1), and (3.2), we get
MaX | ka ‘

c
”%K F”pw = < X Max(l%) =

< Max(F).
K
Theorem 3.3:
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T T

Letf € LP,W([—E,;]),1SP<00 and C 1is positive

constant independent of k.Then there. exist a monotone
function < g, >, g € Ty such that

Max(C)
”f - ('l‘pc”P,w s—.

K
Where f is the proper piecewise monotone functions.

Proof. Let Fy be the proper piecewise linear operator define
on [— g, g],such that its has nodes at the topes of the function f
at the points —§+ %T, for i =0,1,2.......,x, and F,(t) =
f(®). since [IFx = fllow <2,

where C is positive constant and Max(F) S%. By using

theorem (2), there is a Polynomial ¢, € T} such that

G,
”.F;c - %x”p,w = ?
We need to prove that
Max(C)
”f - @K”p,w < PR
So,

1F = dullp = Ul = ge(®] w(t)Pde)p =

GIF©) = Fu(®) + F () = @1 w(©) Pde)?
< GlF©O — Ol w© PP + (xllFe(®) —
G (O] w(OPde)?
< Max [ ([ (© — F(OL w(OP doy +
Gl Fe(®) = a1 w(OPde)?)
< Max (ylIf® = FOLw(©OP doP

+ Max ([x|[F(®) — g ()] w(t)| Pdt)?
< Max(C’) ”.FK - f”P,W + Max(C’)||FK - @K”p,w
< Max(Cy) N Max(C,)
K K

< Max(C).
k
Theorem 3.4 :
Let f € Lp,([a,b]),1 < P < oo. Then there exist a
nearly monotone operator
< Py >, P € Py such that
”7’;{ - f”p,w <
S Max(F).
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Where f is the proper piecewise monotone on [a, b].

Proof: The proof of this theorem by using the operator
G, (t) = cos(t) with some modification. Of theorem 3.3
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